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ON THE HARARY INDEX OF I(Z,) 


ARIF cirsoy|®| ALPER dLKER|®©| AND NECLA KIRCALI cirsoy|®|- 


ABSTRACT. In this work, the Harary index of zero-divisor graphs of rings Zn are calculated 
when n is a member of the set {2p, p*, p*, pq, pq, par} where p,q and r are distinct prime 
numbers and A is an integer number . We give the formulas for computing the Harary index 
of I'(Z,,). Moreover, the Harary index of graphs for products of rings were computed. 
Keywords: Graph theory, Topological indeces, Harary index, Zero-divisor graph, Distance 
in graph. 

2010 Mathematics Subject Classification: 05C09, 05C25, 05C12. 


1. INTRODUCTION AND PRELIMINARIES 


The numerical invariants of chemical graphs are used to characterize some properties of the 
graph of a molecule [35]. These invariants are named in the chemical literature as topologi- 
cal indices also known as molecular descriptors, which are a single number [21]. Topological 
indices have found application in various areas of chemistry, physics, mathematics, infor- 
matics, biology, etc. [29]. Topological indices have found some applications in 
theoretical chemistry, Chemical graph theory is a branch of mathematical chemistry that 
has a significant impact on the development of the chemical sciences. This study, due to its 


mathematical convergence, will attract many researchers. 
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Many times, nearby atoms affect each other more than distant atoms. Ivanciuc et al. 
defined a new molecular graph matrix for researching this interaction, namely the Harary 
matrix [22]. It was also called initially the reciprocal distance matrix [24]. The Harary index 
has been introduced independently by Plavsié et al. [31]. The Harary index is derived from 
the Harary matrix and has a number of exciting properties. For this reason, many researchers 
have studied this notion for many years [38]. 

Graphs are a powerful tool for exploring algebraic structures, and their use has become a 
prominent area of research. By mapping a graph to a ring or other algebraic structures, many 
academics have investigated the algebraic properties of these structures using the associated 
graphs [4] [6] [71 [15] [17] [19] [26] [271 (30). 

Let G = (V, EF) be a connected graph with vertex set V(G) = {1, 12,...,U,} and edge set 
E(G) such that |V(G)| = n and |E(G)| = m. Let d;,; denote by the distance between the 


vertices vy; and v; in G. The Harary matrix of G denoted by RD(G) is an n x n matrix 


(RD;;) such that [23] 37] 


1 a . 

ae ee 

RDi 5 = os 
% J=% 

The Harary index of the graph G,, denoted by HI(G), is defined as 


n nm 


HI(G) = 5 > RD is 


i=1 j=l 


=) 10 @ 


i<j 

Zero-divisor graph of a commutative ring was introduced by Beck [7]. In that study, 
Beck constitutes a connection between graph theory and commutative ring theory. Then, 
Anderson and Livingston modified the definition of the zero-divisor graph of a commutative 
ring [4]. They defined the zero-divisor graph of a commutative ring on nonzero zero-divisor 
elements of the ring as follows: 

Let Z, be the ring of integers modulo n. The zero-divisor graph ['(Z,) is the simple 
undirected graph without loops which has its vertex set coincides with the nonzero zero- 
divisors of Z,, and two distinct vertices v and v in [(Z,) are adjacent whenever vv = 0 in 
Zy. Zero-divisor graphs have been a topic of interest to many researchers for many years 
(9) [321 [34]. 

Throughout this paper, we study Harary index of zero-divisor graphs of Z,, and find some 


formulas for computing the Harary index of I'(Z,,) which are examined. In Section 2, we 
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calculate Harary index of zero-divisor graphs of Z, for n € {2p, p?, p*, pq, p?q, par} where p,q 
and r are distinct prime numbers and \ > 2 is an integer number. Moreover, we arrive at the 
Harary index of the Cartesian product of these graphs. Finally, we provide some examples 


to support these theorems. 


2. HARARY INDEX OF I(Z,) 


Lately, the zero-divisor graph of the ring Z, is popular research in spectral graph and 
chemical graph theory. Many researchers have examined some topological indices of zero- 


divisor graph of the Z,, [33]. 


Theorem 2.1. Let p > 2 be a prime number, then 


HI(L(Zap)) = P= VO+?), 


Proof. Since ['(Zgp) is a star graph it is isomorphic to Kyp-1. In this graph, the vertex set 
V(I(Zozp)) is divided into two distinct subsets as follow: 


Si ={p}, 
Se =(2¢ | ¢= 1.707 — 1}, 


where |S)| = ®(22) = 1 and |95| = 6(22 =p-—1. d(v,v) = 1 for Vu € $1,Vv © So, and 
p 2 


d(v,v) = 2 for Vu,v € So. Therefore, 


HIC(,))= Sz 


v,vEV (I'(Zap)) (v, v) 


1 il 
~ Ss a > d(v,v) 


vES1,vES2 VVES2 
7! d(v,v) | 2 d(v, v) 
_ -DYt2) 
1 : 


Theorem 2.2. Let p > 2 be a prime number, then 


(p= 1)(p— 2) 


HI(U(Zp2)) = ; 
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Proof. Since I'(Z,2) is a complete graph having p — 1 vertices, so 


I'(Z,2) = Kp-1. In a complete graph, d(v,v) = 1 for Vu,v ¢ V(I'(Z,2)). Therefore, 


1 
HI(T(Z,2))= >- Ton) 
vveV (P(Z,2)) : 


(p — 1)(p — 2) 


Theorem 2.3. Let p be a prime number and X > 2 be an integer, then 
2(A—1) 


4 


A-1 A+3) \_ pla! 


Z Ari 


Proof. Firstly, we suppose that 2 is even. 


Case 1. In the first case, there are two subpart to be considered. In the first subpart, it is 
considered the distance between a vertex from 5; and a vertex from 5; where 7 = 2,..., a —1 
and 9 ='1,.2)...,¢> 1 is:2 as:d(v,y) = 2,v € S;y,v €S;.. 80, 


Xr 
g—li-i 


1 
d, LISS ve Sj v € S;. 


i=2 j=1 


The next subpart is related to the distance between a vertex from $; and a vertex from S; 
r 
where 7 = grr 2 and 7=1,..,A-i-1 


A-2 rA-1i-1 


= 1 
2 = ISAISi1 a0 ve Si,v € Sj. 


Case 2. We consider vertex set S; and S; where i = a +1,..,A—1 and 


j =A-1,..,i—1. The distance between a vertex from S$; and a vertex from S$; is 1. From 


this, 
A-1 i-l 1 
S> SS ISIS; ve Si,v € S). 
i=a41d=A-% AO) 


Case 3. In this case, we take into account vertices in $5; where 


A 


t= 1,...,A4—1. When considering vertices v,v € S; for i > 5, the distance is 1, otherwise 2. 


Hence, we get 


aa Sut 
2 
ISil([Si]-1) 1 ISil(}Si]-1) 1 eee 
> 5 a » 5 a VE Siv ES). 
i=$3 


vy) B,D) 
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Using above three cases, when 2 is even, the Harary index of I'(Z,) is as follows: 


ol ey A241 
HI(U(Z,a)) = 5~ Pl tea aoe S> sill Pate >t 
t=2 j=l i=4 j=l 


AT 
x 1SlSil-—1) 1 
3 3 ISS 5 ! pp : OR 


i=A41I9=A-4 


d-1 
> ISi\(1S;]-1) 1 
= 2 d(v,v) 
7) 


Now, we suppose that » is odd. 


Case 1. In this case, we consider vertex sets S; and S; where i = 2,..., at and 7 = 1,...,i-1. 


The distance from 5S; to S; is 2 as d(v,v) = 2, where v € 5; and v € S;. Hence, we get 


Se bsslge wy) ve Si,v € Sj. 


t=2 j=t 
Also, in other part of this case, it is considered vertex sets S; and S; where i = Ant wy A 2 
and j = 1,...,.A—i—1. The distance between these vertices is also 2. So, we have 


i-l1 


ta = 
3 cs ISAISil > ve Si,v € Sj. 
j=AH jal 


Case 2. In this case, we are interested in vertex sets S; and S; where 
a af ..,A—land j = A-i,...,i—1. The distance is d(v,v) = 1 where v € S; and v € Sj. 


Then, we have 


> Ges a ve Siy € Sj. 


j= Atl j=-i 


Case 3. In this case, we are interested in vertex sets S; and S; where 
= Att ..,A—Land j = A—-i,...,i—1. The distance is d(v, v) = 1 where v € S; and v € Sj. 


Then, we have 


> 3 tailsiiges 5 ve Si,v ES}. 


j= Ab j=A-1 


Case 4. In the last case, it is considered vertices in S; where 


i=1,...,4—1. When considering vertices v,v € S; for 7 > Ant the distance is 1, otherwise 
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2. So, we attain 


SHS) 1 sus) 1 Z . 
5B v) = d( U Si,V Sj 


d(v, 


When 4 is odd, using above three cases, the Harary index of I'( 


AS i 


=D ISIS 


1=2 j= 


A-1 


oy 


a =r-i 


ja Att u,v) 
2 


Zr) is as follows: 


A-—2 A-1i--1 
Wr ae d, ISillSily >t 
i j=Atl j=l 
ISil(Si]-1) 1, 
Y [sll =" eS ar CR 


i=1 


[S:|(]S;]-1) 1 


Therefore, Harary index of I'( 


2 d(v,v) 


Zr) in a single form is as follows: 


(a34) i-1 pee rae 
=), LISS y+ a ISAISs1Z tout 
a) tae i= ra] j=l 
3 5 Isls yo Suds ie 
j=[ att] j=A-t 1) i= 2 d(v,v) 
2 
3 |Si\(ISi] —1) 1 
2 d(v,v) 
on (v,v) 
Note that |S;| = (4) =p =p, 
1S) 5 l 
HI(P(Z,)) = 4 YY — pI) + 
i=2 j=l 
A-2 A-i-1 1 
A-1 rA-i-1 A-Jj A-—j-1y) = 
(p Pp )( Pp lee 
i=[3] j=l 
A-1 i-1 


s (p* a p> a \ip 4 —p i-1 _ 1) 1 | 
i=1 7 
A-1 (p* a p> a pe di p> i-1 1) 


127 


(2.1) 
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After reducing and simplifying Equation [2.1] we get 


(A= _ +3) 4 pla] p2Q-1) 


HI(P(Zpx)) = “lp 5 i 7 


oO 


Example 2.1. Given ['(Zo7) where p = 2 and \ = 7 as in Figure {1} We consider Harary 
index of 1'(Zy7) according to Theorem|2. 3} while » is odd. 


(X+3) a plz! p2Q-1) 


(A=1) 5 
= 1 
HI((Z,,)) ze ji er ea 
Go 10, 2° 2” 
=-2 2 1 
4 4 a¢ at 
= 1056, 


84 100 


= 
Wy, “i 


2 
60 
e46- 
@74 
~@ 98 
. 114 
02 // | \ 90 = 
2 
50 
{4 126 66 54 
70 
@ 106 
110 
6 
78 118 i 10 
18 34 
62 30 
22 © @26 


FIGURE 1. I'(Zo7) 
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Example 2.2. Given I'(Z36) where p = 3 and X = 6 as in Figure [4 In this example, we 
consider Harary index of 1 (Zs) according to Theorem|2. 5| when X is even. 


A= a_ O+3) a4 pl3) pr) 


ATI(T(Z,.)) = + +1 
(Za) =p - +85 
546 945 3F 3t i 
4 4 a a 
=15121. 
633.4435 
75 6 3& 5 174 295 
264 0 549 
447 7 7 0 423 
201\N 94 
555 513 
i 69 97 
0 189 
1 
89 3 135 
12 630 
» 396 
144 300 
132 
570 
687 
sie 273 
12 
483 
681 
4 A 4 588 
5 2 A 195° 357 
68 5 BY 8 591 
11 
6 723 
124462 309 33 
52 6 
"9 : 165 37 
192 
699 8/7/34 y 6 
150 9 15 0 24 
660 67 #366 | 3219 393 
618 2 411 
24 390 
FIGURE 2. I'(Z3s) 


Theorem 2.4. Let I'(Zp,) be a zero divisor graph and p and q be distinct prime numbers, 


then 


O28), 5-2) 
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Proof. Note that the graph I'(Z,,) is isomorphic to Ky—1,¢-1 which is a complete bipartite 


graph. The vertex set of this graph can be partitioned into two distinct subsets as 


Si, =Aor laa Tag — 1h 


So = ton |= 1... pA}, 


where [S| = ®() = q—1 and |S3| = ®(") = p— 1. It is clear that we have two cases to 


calculate the Harary Index. 


Case 1. d(v,v) = 1 for Vu € Sy; and Wy € Sp where Sj US2 = V(I'(Zp,)). Then 


1 


> d(v v) = |Si| , |S 


vES1,VES2 


= (p—1)(q-1). 


Case 2. d(v,v) = 2 for Vu,v € S; where i = 1,2. Then 


3 S ge 7 (1S) 5 (FP) 5 


1=1 VES1,vES2 


According to these cases, we attain that 


HI(T(Zpq)) = (p — 1)(q—1) JL + aT aa 


Theorem 2.5. Let p and q be two distinct prime numbers, then Harary index of zero divisor 
graph T(Zy2q) 1s 


HI (Ep) = (p- (q— ) PRPF) 4, BEV 


_pt+p?-p-4, q-2 | 
Atal) 4(p — 1) 
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Proof. In zero divisor graph I'(Z,2,), the vertex set is split four subsets as 


Sy = {px | c= Lc po= LO Tt.E 1 th 
So = {qx | c= eee ce = Lprey, 
S3 = {p°x | t= 1, ...5g _ ie 


Sa= {pga |p 1}, 


4 
where |) $5; = V(I'(Z,2,)) and $; S; = @ for i,j =1,...,4,1 4 j. 
I= 
Using these four distinct subsets, there are three possible cases to evaluate Harary index 
of T'(Z,2,). 
Case 1. In this case, we consider (v,v) vertex couples where Vu € S$; and Vy € S; for 


i=1,...,3 and j >7. Then 


3 4 
i=1 j=itl VES;,VES; 


= -> 5 [Sil “| in V) VES; VES; 


t=1 g=14+1 


= |SillSsl5 + |SilIS15 + [Si] Sa] 


+ |S2|193| + [Sell Sal5 + |$3||Sa| 


Gh Pda, pat 


= ple 1N(a is +e PS 


Case 2. This case takes into account two distinct vertices vu and v where Vu,v € S; for 


i=1,...,3. Then 


t=1 V,VES; i=1 


“3 1 


CRORE 


q-2 
+e 
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Case 3. In the last case, we consider the vertices from the $4, which forms a complete 
subgraph in ['(Z,2,). Then 
> 1 [S4l()Sal — 1) 
d(v, v) 2 


(p= Dip 2) 
= 


Evaluating above three cases, Harary index of I'(Z,2,) is 


HI (Ep) = (p= (q— ) PBF), BEDE 
_pt+p?-p-4, q-2 | 


4(qq-1)  — 4(p—1) 


Theorem 2.6. Let p, gq and r be three distinct prime numbers, then Harary index of zero 
divisor graph V(Zpqr) is 


HI(U(Zpqr)) =aBy (s a 4 ae (5 | ? | e+) | 
ph Oh n08 Pe 2 PEAS 
or($ T a7 4 +3) + 67(8 T at A s)+ 


wherea=p—1,8B=q-1, andy=r-1l. 


Proof. V(U(Zpqr)) is divided into six separate subsets such as 


Spe |e Teor 1g tar teh, 
So ={qe|x2=1,....pr—l1,p{2,r{ cx}, 
See eS espe pad Fas 
Si = {ge |=, et 1 
Ss =fore | e= lypagg—1}, 


Se—{ore| e149 —1) 


6 
where LU) S; = V(I'(Zpgr)) and S$; S; = @ for 7,7 = 1,...,6, 1 A 7. Using these six distinct 
i=l 


vertex subsets, there are three possible cases to evaluate Harary index of '(Zpgr). 
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Case 1. In this case, we consider (v,v) vertex couples where Vu € S$; and Vv € S; for 


i=1,...,2 and 7 =i+1,...,3, and d(v,v) = 3 according to the graph. Then 


— 


a 3 ‘ 2 3 
Qe yD (u,v) sw IS 153° Gey vES;,vES; 


d(v, 
=i+1 vES;,vES; i=1 j=it1 


1 
= |SillSs15 + ISillS315 + [52/1 53]5 


Case 2. This case takes into account two distinct vertex set couples S; and S; uv where 


d(v,v) =2,v eS; andy € S;. Then 


ee ee 
je{4,5} vES1, Uae j€{4,6} vES2, jE{5,6} vES3, 
ves; ves; ves; 


ae 


1 
= [51] - [Sa] - as pea |Sa| - 5+ IS [S6l- 5 


+ |S3| -|.S5| - 5+ 18s |S6| - = 


GaGa +@ it DOE set 


(p—1)?(r —1) + (p—V(q—- 1)? + (p-1)P(q- DJ. 


Case 3. In this case, it is considered the vertex set couples such as 5; and S$; where d(v,v) = 


1l,vu eS; andv € S; in T'(Zpqr). Then 
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Case 4. In the last case, we consider the remaining vertex couples such as d(v, v) = 2 where 


u,v € S; andi =1,...,6 in P(Zpgr). Then 


. 1 * |Si|(\Si]—1) 1 
25 De Tay) a> 27 dl 


U,V) luves; 
i=1 v,vES; ¥) loves 


2 2 
@= Dir le= Dice) =1 
2 
@=Ni¢=)il~e-—)i@=)=1 
2 
(ee ee) 
2 
= Die=2)  =tipa2) 
2 2 


Evaluating above all four cases, Harary index of I'(Zpgr) is 


HIE Epp) =P VE ID t+q+r—3) 


(p—1)(¢—1)(r ap Gel ore ie pl 


2 en ee a ae ae ae 
ee 
r—1  r-1 
© g—er-ns+# + 
ee ee 
4 p-1l q-1 
= DG@alHt. r=2 q-2 


as "@-Da@-) @-hr-) 


where a=p—1,6=q-1,andy=r-1l. 


Theorem 2.7. Let I'(Z,p x Zq), 0(Zp x Zq x Z,), P(Zpq), and T(Zyqr) be zero-divisor graphs 


where p, q, and r are distinct prime numbers. The followings hold: 


i) HI(U (Zp x Zq)) = HIE (Zpq)) 


Proof. If Ry = Ro, then I'(R,) = T(R2) [18]. Therefore proof of this theorem is clear. 
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ii) HI(U (Zp X Zq X Zy)) = HI(T (Zyqr)) 


3. CONCLUSION 


Topological indices is very important in chemical graph theory since they are one of these 


methods of studying graphs and obtaining new applications of them. We computed Harary 


index of the zero-divisor graphs of Zn this article. Some formulas was found for computing 


the Harary index of Z, for n € {2p,p?,p*, pq, p?q, par} where p,q and r are distinct prime 


numbers and A > 2 is an integer number. Finally, some examples were given support to the 


Theorems in this article. 
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1. INTRODUCTION 


On the tangent bundle of a Riemannian manifold one can define natural Riemannian 
metrics. Their construction makes use of the Levi-Civita connection. Among them, the so 
called Sasaki metric [15] is of particular interest. That is why the geometry of tangent bundle 
equipped with this metric has been studied by many authors. The rigidity of Sasaki metric 
has incited some researchers to construct and study other metrics on tangent bundle. Among 
them, we mention [20] [22]. The geometry of tangent bundle remains a rich area of research 
in differential geometry to this day. 

Geodesics on the tangent bundle has been studied by many authors. In particular the 
oblique geodesics, non-vertical geodesics and their projections onto the base manifold. Sasaki 
and Sato gave a complete description of the curves and vector fields along them 
which generated non-vertical geodesics on the tangent bundle and unit the tangent bundle 
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respectively. They proved that the projected curves have constant geodesic curvatures (Frenet 
curvatures). Nagy [9] generalized these results to the case of locally symmetric base manifold. 
Yampolsky also did the same studies on the tangent bundle and unit the tangent bundle 
with the Berger-type deformed Sasaki metric over Kahlerian manifold, in the cases of locally 
symmetric base manifold and of the constant holomorphic curvature base manifold. Also, 
we refer to [13] 21]. 

The notion of F-planar curves generalizes the magnetic curves and implicitly the geodesics 
(see [5] [8]), but the notion of F-geodesic, which is slightly different from that of F-planar 
curve [1]. Recently, a number of articles on magnetic curves, F'-planar curves and F’-geodesics 
have been published in the mathematical literature (see [3} [4] [10]). 

In previous works, [20} [22], we proposed the y-Sasaki metric on the tangent bundle over 
para-Kahler-Norden manifold (M2, y,g), where we studied the para-Kahler-Norden prop- 
erties on the tangent bundle and the geometry of y-Sasaki metric on tangent bundle re- 
spectively. In this paper, after the introduction and generalities, in Section [3 we study the 
geodesics on y-unit tangent bundle with respect to the y-Sasaki metric, where we establish 
necessary and sufficient conditions under which a curve be a geodesic with respect to this 
metric (Theorem [3.1] Corollary[3.1] and Corollary[3.2), then we discuss the Frenet curvatures 
of the projected of the non-vertical geodesic (Theorem 3.2} Theorem [3.3] Corollar and 
Theorem [3.4p. In section [4| we investigate the F’-geodesics and F’-planar curves on tangent 
bundle with respect to the y-Sasaki metric (Theorem [4.1] Theorem |4.2|and Theorem|4.3). In 
the last section, we study the F-geodesics and F-planar curves on the y-unit tangent bundle 


with respect to the y-Sasaki metric (Theorem [5.1] Theorem and Theorem ]5.4)). 


2. GENERALITIES ON THE y-SASAKI METRIC 


Let TM be the tangent bundle over an m-dimensional Riemannian manifold (IM™,g) and 
the natural (bundle) projection 7: TM — M. A local chart (U, al ce on M induces a 
local chart (1~!(U), 2", C) a on TM. Denote by re the Christoffel symbols of g and by 
V the Levi-Civita connection of g. 


The Levi Civita connection V defines a direct sum decomposition 
Teg PM = Vag PM @ Hag TM. 


of the tangent bundle to TM at any (z,€) € TM into vertical subspace 


Vegi M = Ker(dm_,¢)) = {a giles)» a’ € R}, 
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and the horizontal subspace 


i_O er i 
A(z,e) TM = {a Dai lw) —a OT i ogee ae R}. 


Let Z = Z’ a be a local vector field on M. The vertical and the horizontal lifts of Z are 
defined by 


YZ = a 
ae! 
8 i 
H a k 
Z= Z2 ITY. ‘ 
(an g iy) ek 
We have 42.) ae ao CODE aoe and (2) = nae then (M32), "(s%))-tm is a local 


adapted frame on TTM. 


An almost product structure y on a manifold M is a (1,1)-tensor field on M such that 


vy? = idy, yp # +idjy (idjy is the identity tensor field of type (1,1) on M). The pair (M, y) 
is called an almost product manifold. 

An almost para-complex manifold is an almost product manifold (1/7, ~), such that the 
two eigenbundles TM* and TM~ associated to the two eigenvalues +1 and —1 of y, respec- 
tively, have the same rank. Note that the dimension of an almost para-complex manifold is 
necessarily even. 


An almost para-complex structure y is integrable if the Nijenhuis tensor: 
No(X,Y) = [pX, Y] — 9X, pY] — vlpx, Y] + [X,Y] 


vanishes identically on M. On the other hand, in order that an almost para-complex struc- 
ture be integrable, it is necessary and sufficient that we can introduce a torsion free linear 
connection V such that Vy = 0 [14]. 

An almost para-complex Norden manifold (M?"”, y,g) is a 2m-dimensional differentiable 


manifold M with an almost para-complex structure y and a Riemannian metric g such that: 
HPX,Y) = GX, PY) & G(X, vY) =9(X,Y), 


for any vector fields X and Y on M, in this case g is called a pure metric with respect to y 
or para-Norden metric (B-metric) [14]. 


Also note that 


G(X, Y) = 9(yX,Y), (2.1) 
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is a bilinear, symmetric tensor field of type (0,2) on (,y) and pure with respect to the 
paracomplex structure y, which is called the twin (or dual) metric of g, and it plays a role 
similar to the Kahler form in Hermitian Geometry. Some properties of twin Norden metric 
are investigated in [6] [14]. 

A para-Kahler-Norden manifold is an almost para-complex Norden manifold (M?", y, g) 
such that y is integrable i.e. Vy = 0, where V is the Levi-Civita connection of g 14]. 

It is well known that if (M?™,,g) is a para-Kahler-Norden manifold, the Riemannian 


curvature tensor is pure [14]. 


Definition 2.1. Let (M?™,—,g) be a para-Kéhler-Norden manifold. On the tangent 
bundle TM, we define a y-Sasaki metric noted g? by 


(1) OXY ew Gu( X,Y), 


Qy 9° FX,'Y ee 0, 


(3) oP CX, “Y )(a,¢) 9x(X, yY) = G(X, ¥); 


for any vector fields X and Y on M and (x,€) € TM, where G is the twin Norden metric of 


g defined by (2.1). 


Theorem 2.1. Let (M?™,,g) be a para-Kéahler-Norden manifold and TM its tangent 
bundle equipped with the y-Sasaki metric g?. If V (resp Vv) denote the Levi-Civita connection 
of (M?™, »,g) (resp (TM, g®) ), then we have 


(1) Fax"¥)ag = MVx¥ eg — 5" (Re(XYIO), 
2) (Fax = “Wx¥)eg + 5"RelP6Y)X), 
3) Wx" )eg = 5Re(v.X)¥), 

(4) (WxVeg = 0, 


for all vector fields X and Y on M and (x,&) € TM, where R denote the curvature tensor 
of (M?™, p, 9). 


The y-unit tangent sphere bundle over a para-Kahler-Norden manifold (M?", y, g), is the 


hypersurface 


TPM = {(2,£) € TM, g(E, vé) = 1}. 
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The unit normal vector field to T;’ M is given by 
N ="E. 


The tangential lift 7X with respect to g? of a vector X € T,M to (2,£) € T/?M as the 


tangential projection of the vertical lift of X to (a,€) with respect to N, that is 
TX = VX — G96, (VX Noe) Mae =X — Gge(X, yE)"E. 
The tangent space Tneyly M of T/M at (z,€) is given by 
Tine TfM = {9X +7Y /X €TeM,Y € & C TeM}. 
where ¢+ = {Y € T,M, g(Y, v€) = 0}, see [22]. 
Theorem 2.2. Let (M?™, p,q) be a para-Kahler-Norden manifold and T? M its y-unit 


tangent bundle equipped with the p-Sasaki metric. fv denote the Levi-Civita connection of 


y-Sasaki metric on TM, then we have the following formulas. 
LGax4Y = MVX¥)— STROKE), 
2.Gux7¥ = “Wx¥)+5"(RYEY)X), 
3.Vax4¥ = SH(R(9EX)Y), 
A.VrxT¥Y = -g(¥,p€)"X 
for all vector fields X and Y on M, where V is the Levi-Civita connection and R is its 
curvature tensor of (M?™, y,q). 


3. GEODESICS ON Y~-UNIT TANGENT BUNDLE WITH THE yp-SASAKI METRIC 


Let [ = (9(t), €(t)) be a naturally parameterized curve on the tangent bundle TM (i.e. t 
is an arc length parameter on I), where y is a curve on M and € is a vector field along this 


d 
curve. Denote y= @, Vf = Vyite & = Vu fs & = Vy & and Ty = a. Then 
Ty = Hy + VG. (3.2) 


Lemma 3.1. Let (M?'",,g) be a para-Kahler-Norden manifold, TM its p-unit tangent 
bundle equipped with the p-Sasaki metric and T = (y(t), €(t)) be a curve on TM. Then we 


have 


Ty, = Py + 78, (3.3) 
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Proof. Using (3.2), we have 
Te = gt Ge = i + 7G + 9(E, PEE. 
Since T' = (y(t), €(t)) € TM then g(€, p€) = 1, on the other hand 


O = %9(E, Ef) = 29(E, 6), 


9(&, pE) = 0. 


Hence, the proof of the lemma is completed. 


From (3.3), we have 
1 = ll? + 9(&, 9&), 


where |.| mean the norm of vectors with respect to the (M?", y,q). 
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(3.4) 


Theorem 3.1. Let (M?'",y,g) be a para-Kahler-Norden manifold, T? M its y-unit tangent 


bundle equipped with the y-Sasaki metric and T = (y(t), €(t)) be a curve on TPM. Then T 


is a geodesic on TM if and only if 


Wo = RE eS) 


y= 0 
Moreover, 

Iv] = 1 

|| = &=const 


i.e. t is an arc length parameter ony. 
Proof. Using formula (3.3)and Theorem [2.2} we compute the derivative VoPt. 
Vv c= Vv Hu | Ter 
it (Hy ie Tet ( Wwe) 
a wv, HI io Tl CO. HY’ . So. Ter 
= VA) Gr Vi! or V re, Vet V re, & 
= My + MR(pE, Ey) + 7. 


If we put Vrly equal to zero, we find (3.6). 
From (8.4) we have, 0 = y49(E, p€) = 9(61, p€) + 9(&, &) then, 


9(&, v&) = —9(&!, YE), 


(3.7) 
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using the second equation of the formula (3.6), we get g(€;, p&) = 0, then, by (3.5), we find, 


lz] = 1. 


On the other hand, as well 


wer 70.6) = 296.6) = 


then |€;| = « = const, 


A curve I’ = (y(t), €(¢)) on TM is said to be a horizontal lift of the curve 7 on M if and 
only if €; = 0 [19]. In general, the horizontal lift T = (y(t), €(¢)) of the curve y on M does not 
belong to TM, we have & = 0, then 0 = 2g(£1, p€) = yY49(E, vE), hence g(€, yf) = const 4 1 


(in general). Then, we have the following corollary. 


Corollary 3.1. Let (M?™,y,g) be a para-Kdhler-Norden manifold and T?M its y-unit 
tangent bundle equipped with the y-Sasaki metric. If T = (y(t), €(t)) ts a horizontal lift of y 
andl € T/?M, thenT is a geodesic on TM if and only if y is a geodesic on M. 


The curve [ = (y(t), y(t)) is called a natural lift of the curve y on TM [19]. Likewise 


as for the natural lift, in the general case it does not belong to TM. If ¥ is a geodesic on 


M. we have y// = 0, then 0 = 29(%/', 9%) = YI, PY), hence g(7}, 974) = const A 1 (in 


general). Then, we get the following corollary. 


Corollary 3.2. Let (M?™,y,g) be a para-Kdéhler-Norden manifold and T?M its :p-unit 
tangent bundle equipped with the p-Sasaki metric. If T = (y(t), y(t) ts a@ natural lift of y 
andl € T/?M, then T is a geodesic on TM if and only if y is a geodesic on M. 


Remark 3.1. As a reminder, note that locally we have: 


2m 2m ; F 
d2+! a j 
a 5 a dy’ dy r’ 6) 


_— dt2 ° dt dt if) Bal 38) 
l=1 i,j=l 
and 
ie 2m 
{= es ~. Vi) (3.9) 
[=1 j=l 


Example 3.1. Let (R?,y,g) be a para-Kahler-Norden manifold such that 


g = e** dx? + e74dy*, v= 
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The non-null Christoffel symbols of the Riemannian connection are: 


1) Let y be a curve on R?, such that y(t) = (a(t), y(t), from (3.8), 7 is a geodesic if and 


only if y;/ = 0 or equivalently 7 satisfies the system of differential equations, 
t Y 


2 d 
% aed ee ae 
Oy yr didn 9 6 
dt? dt dt 4 2 P 
— ay | (Wyo _ 
ae age 
x(t) = In(cit + c2) 
> 


y(t) = In(est + ca) 


where C1, C2,c3and c4 are real constants, hence 


C1 O ie C3 O 
qt+co 0x c3t+c4 Oy 


y(t) = (In(cit + c2), n(est + c4)), 4 (t) = 


On the other hand we have 


1% 9%) =1le a =+/14 G, 


become T; = (y(t), y:(t)) € TR?. Hence from Corollary |3.2| the curve T; is a geodesic on 


TPR. 
2) IfT2 = (y(t), €(t)) ts horizontal lift of y, such that €(t) = (u(t), v(t)), from (3.9), we have, 
dus dx C5 
dg > ert <o laut EE rm (t) ak 
dt = dt ! au 4 ae _ v(t) = C6 
aca dt ' dt c3t + ¢4 
where cs and cg are real constants, hence 
Cc O C O 
[oa +— 
cqt+ce0x  cat+c4 Oy 


but when 


gE, 9€) =1 cs = 4)/14 GG, 


become T2 = (y(t), €(t)) € T/R?. Hence from Corollary [3.1] the curve 2 is a geodesic on 


TPR?. 


Let I be a curve on TM, the cure 7 oT is called the projection (projected curve) of the 


curve [ on M, where 7 : T7?M — M is a bundle projection. 
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Theorem 3.2. Let (M?™,,g) be a locally symmetric para-Kahler-Norden manifold, T? M 
its p-unit tangent bundle equipped with the y-Sasaki metric and T = (y(t), €(t)) be a geodesic 


on TY M, then all Frenet curvatures of the projected curve x oT are constants. 


Proof. Using the first equation of (3.7), we have |7;| = 1 = const. 
On the other hand we have 


Ye = (VaR), 98) + RE 0h) + RUE ee: + RUE, EH 


REL, pE)Y - 


Since 


noes 1) = 2a" 4) = 29( RE VEY) = 0, 


hence, |9//| = const. 


Continuing the process, by recurrence we obtain the following 


of? = RE, ve)”, p21 (3.10) 
and 
Mace Ww) = 29, BW”) = 2a REL CO? 4?) =O. 
Thus, we get 
Inf? | = const, p>1. (3.11) 
Let 1, = 7; be the first vector in the Frenet frame 11,...,V2m—1 along y and let ky,...,kam—1 


the Frenet curvatures of y. Then from the Frenet formulas 


(vids = kyv2 
(4 )4 = = alga + hey, 2595 oe 2 
(Yom—1)t = —kam-2V2m—2 
we obtain 
a = (11); = hive. (3.12) 


Now (3.11) implies k; = const. Next, in a similar way, we have 
4" = k (v2); = —ky + ky kov3. (3.13) 


and again (3.11) implies kz = const. 


By continuing the process, we finish the proof. 
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Proposition 3.1. Let (M?™,y,g) be a para-Kéhler-Norden manifold and TPM its p-unit 
tangent bundle equipped with the y-Sasaki metric. If T = (7(t),€(t)) is a curve on TPM, 
then we have 

(1) & = (y(t), pE(t)) is a curve on TPM. 

(2) ® is a geodesic on TM if and only if T is a geodesic on T? M. 


Proof. (1) We put p(t) = pé(t), since T = (y(t), €(¢)) € TPM, then g(€, y&) = 1. 
On the other hand, g(u, pu) = g(yf, o(yf)) = g(¥s.§) = Lie. 
®(t) = (y(t), uO) € TPM. 
(2) In a similar way proof of (3.6), and using pu; = yf; and yu’ = p&’, we have 
Vor®, = Mol + Roney) + Ht 
= Mot + RE, 0&1) + (ee). 


Since the Riemannian curvature tensor is pure, we get 


Var® = Mol + RE et) + (eet), 
hence, 
M = —R € / 
Vo, B, = 0 = Vt (pf, EL) 
yl; = 0 
vy = RE, ve) % 
> 
PS 


From Theorem [3.2] and Proposition [3.1] we have the following theorem 


Theorem 3.3. Let (M?™,,g) be a locally symmetric para-Kahler-Norden manifold, TM 
its p-unit tangent bundle equipped with the y-Sasaki metric and T = (y(t), €(t)) be a geodesic 


on T/M then, all Frenet curvatures of the projected curve x 0 ® are constants, where ® = 


(y(t), eE(t)). 


Now we study the geodesics on y-unit tangent bundle with the y-Sasaki metric over para- 
Kahler-Norden manifold of constant sectional curvature. From Theorem we have the 


following 
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Corollary 3.3. Let (M?™,y,g) be a para-Kdhler-Norden manifold of constant curvature 
c#0, TPM its p-unit tangent bundle equipped with the p-Sasaki metric and T = (y(t), €(t)) 


be a curve on TPM. ThenT is a geodesic on T/M if and only if 


a cg (p&, NEL — c9(Et, HVE 
i = O 


(3.14) 


Theorem 3.4. Let (R?™,y,<, >) be a para-Kdhler-Norden real euclidean space , TR its 
p-unit tangent bundle equipped with the y-Sasaki metric. Any geodesics T = (y(t), €(t)) on 
TPR?” is the following form 

y(t) = a@t+b 

fi) = dt+d 
where y(t) = (y(t),...,7?™(t)), E(t) = (€1(6),..., €?"-1(4)) and a’, b’,ct,d' are real con- 


(3.15) 


stants. 


4, F-GEODESICS ON TANGENT BUNDLE WITH THE (p- SASAKI METRIC 


Let (M™,g) be an Riemannian manifold and F' be a (1,1)-tensor field on (M™,g). A 
curve y on M is called F-planar if its speed remains, under parallel translation along the 
curve 7, in the distribution generated by the vector y and Fy, along y. This is equivalent 


to the fact that the tangent vector 7; satisfies 
We = or(t)y + oF Y, (4.16) 


where @1 and g2 are some functions of the parameter t, see [5] [71 [8]. 


We say that a curve y on M is an F-geodesic if y satisfies: 
“= FY, (4.17) 


One can see that an F-geodesic is an F-planar curve, but in general an F’-planar curve is 
not always an F’-geodesic, the F'-geodesic generalize the geodesics, see [I] [3]. 
Let V be the Levi-Civita connection of y-Sasaki metric on tangent bundle TM, given in 


the Theorem 


Theorem 4.1. Let (M?",y,g) be a para-Kéhler-Norden manifold, TM its tangent bun- 
dle equipped with the p-Sasaki metric and F' be a (1,1)-tensor field on M. A curve T = 
(y(t), €(t)) on TM is an "F-planar with respect to V if and only if the 


ve = 01% + oF y+ RIE, POY 
oY = 016) + ooF &} 
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Proof. Using Theorem [2.1] and (3.2), we find 


Vv iT i AL ay Ve¢l 
itt (Hy + vet) ( Ve &) 

= Va Fe +Vua ce + Very + Vive 

Ve Vt 7 . 

= My + RE Gy) + el (4.18) 

On the other hand, 
Voy = ol, + o%FT, 
= ory + YE) + oot Fy +“) 


= ony t oF My + 0G, + 0277 VE, 


"ory, + o2F y;) + “(ort + oF &). (4.19) 


From (4.18) and (4.19), the result immediately follows. 


Corollary 4.1. Let (M?"™,y,g) be a para-Kéhler-Norden manifold and TM its tangent bun- 
dle equipped with the y-Sasaki metric. A curve T = (y(t), €(t)) on TM is an “y-planar with 
respect to V if and only if the 


Ve = 01% + 29% + RUE, PON 
i = arf) + o2p& 
In the particular case when 0; = 0 and gg = 1 in the Theorem|4.1| we obtain the following 


result. 


Theorem 4.2. Let (M?™,y,g) be a para-Kdahler-Norden manifold, TM its tangent bun- 
dle equipped with the p-Sasaki metric and F be a (1,1)-tensor field on M. A curve T = 
(y(t), E(t)) on TM is an “F-geodesic with respect to V if and only if the 


Ve = Fat RE PON 


{= FG 


Corollary 4.2. Let (M?"™,y,g) be a para-Kéhler-Norden manifold and TM its tangent bun- 
dle equipped with the y-Sasaki metric. A curve T = (7(t),€(t)) on TM is an “y-geodesic 
with respect to Vv if and only if the 


Ye = 9% + RE, VEN 
t = v& 
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Theorem 4.3. Let (M?™,,g) be a para-Kdhler-Norden manifold, TM its tangent bundle 
equipped with the p-Sasaki metric and F' be a (1,1)-tensor field on M. IfT = (y(t), €(#)) ts 
a horizontal lift of a curve y, then T is an “F-planar curve (resp. “F-geodesic) if and only 


if y is an F-planar curve (resp. F'-geodesic). 
Proof. Let y be an F-planar with respect to V on M, i.e. y satisfies 


vy =a1%+ oF %, 


where g; and g2 are some functions of the parameter t. Since T = (y(t), €(#)) is a horizontal 


lift of a curve 7 then | = 0 and from (3.2), we have I, = “41. Using (4.18), we get, 


— / How 
Vr; = 


"ory, + o2F 14) 
= ony t+ a4 F My, 


= oil, + oo FT}. 


i.e. [ be an “F-planar with respect to V. In the case of 0, = 0 and 02 = 1, we get that I is 


an 4F-geodesic if and only y is an F-geodesic. 


Corollary 4.3. Let (M?™,,g) be a para-Kdhler-Norden manifold, TM its tangent bundle 
equipped with the y-Sasaki metric. If T = (y(t), €(t)) is a horizontal lift of a curve y, then 
LT is an “p-planar curve (resp., “p-geodesic) if and only if y is an y-planar curve (resp., 


p-geodesic). 


Example 4.1. Let (IR?,y,g) be a para-Kiéhler-Norden manifold such that 


g=dx*+dy’, p= 
— 


Let Y = (y(t), €(t)) such that y(t) = (x(t), y(t)) and €(t) = (u(t), v(t) 
1) From the Corollary |4.} T is an “p-geodesic if and only if the 


=o x(t) = aye! +. a2 
Wn = OI eae y(t) = age" + a4 
=> => 
; =e “=a u(t) = bie’ + be 
uv" = —0' v(t) = bge* + ba 
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where a; and b;, 1 = 1,4 are real constants. 


2) From the Corollary|4. 1] T is an 4y-planar if and only if the 


x" = (01 + 02)£ 
Wanton J y= (or—or)y 
1 = O18; + o29& ul” = (01 + o2)u' 
v" = (01 — @2)v" 
a(t) =+ f (el (ertea)aty gy 
y(t) = + f (ef (er—e2)at) de 
~ u(t) =+ f(el(eter)4ty de 
v(t) =+ f (el er—22)%) at 
For example: o1(t) = oe and @2(t) = = we find 
t+1 t-—1 
z(t) = at? — 3cit+ e 
y(t) = ¢3 n(t — 1)? + est + ea 
u(t) = dit? — 3d;t + dp 
v(t) = d3 In(t — 1)? + dgt + da 


where c; and d;, i= 1,4 are real constants. 


Example 4.2. Let (R?,y,g) be a para-Kahler-Norden manifold such that 


1 O a 


0 
g = e**dx* + e%dy*, v= and F= , a,bE R*. 


0 -1 0 b 


The non-null Christoffel symbols of the Riemannian connection are: 
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Let T = (y(t), €(t)) be a horizontal lift of a curve y, such that y(t) = (x(t), y(t)) and €(t) = 


(u(t), v(t)) then & =0, from we have, 


dé = aw. w+ca'u=0 u(t) = a 
aaa! 5 er -0a AG 
dt ijt dt vy tyv= v(t) = 

ev(t) 


where 1, Aq are real constants. 


y is an F’-geodesic if and only if yf = Fy, from (3.8) we have 


a! + (2)? = az! x(t) = In(#e% + 2) 
> 


y+ (y= by | ult) =In( He + a) 
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where [11, 2, U3, a are real constants. 
aN A2 


i 
’ 4 eat ” #3 ebt 
ae tHe Fen + pa 


The horizontal lift 1 = (In(4+e™ + pg), In(4ee™ + pus) ) is an #P- 


a 
geodesic on TR?. 
y is an F-planar if and only if y% = 017; + 02F'%4, where o1 and 2 are some functions of 


the parameter t, from (3.8) we have 


a" + (2')? = (01 + ago)z" a(t) = In(+ f (ef (er +402)4") de) 
=> 
y" + (y')? = (02 + bor)y! y(t) = In( f (efter tbea)dt) ge) 
For example: If o1(t) = — and o2(t) = —, we find 


Aq 
u(t) = 
“1t4 + a9 
2 
v(t) = 
) Sat) + aug 


where a;, i= 1,4 are real constants, then T = (x(t), y(t), u(t), v(t)) is an “y-planar on TR?. 


5. F'-GEODESICS ON y-UNIT TANGENT BUNDLE WITH THE y-SASAKI METRIC 
Let V be the Levi-Civita connection of y-Sasaki metric on y-unit tangent bundle TM, 


given in the Theorem [2.2] 


Theorem 5.1. Let (M?", p,g) be a para-Kahler-Norden manifold and T? M its y-unit tan- 
gent bundle equipped with the y-Sasaki metric and F be a (1,1)-tensor field on M. A curve 
T = (7(t),€(t)) on TPM is an “F-planar with respect to V if and only if the 


vi = 01% + ooF 4+ R(E, POY 
Y = 016; + 0oF & 


Proof. From the proof of Theorem [3.1] we find 
Vol, = Mtl + RUE Sn) + 76 (5.20) 
On the other hand, 
Vol = oT, + o%FT; 


= oy + 7) + oo Fy + 78). 
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From (3.4), we have 7é; = Y€/, then 
Veil, = ory + oot Fy + 01% + 024 VE, 


Hoy, + o2F 4) + “(okt + ooF E) 


Noy, + oF y;) + (ore; + o2F&) (5.21) 


From (5.20) and (5.21), the result immediately follows. 


Corollary 5.1. Let (M?™,y,g) be a para-Kdhler-Norden manifold and T?M its :p-unit 
tangent bundle equipped with the y-Sasaki metric. A curve T = (y(t), €(t)) on TPM is an 


45_-planar with respect to Vv if and only if the 


Ve = 01%, + 29% + REL, VOY 
Et = 01& + o2p& 


In the particular case when 0; = 0 and @2 = 1 in the Theorem|5.1} we obtain the following 


result. 


Theorem 5.2. Let (M?"™, p,g) be a para-Kahler-Norden manifold and T/ M its p-unit tan- 
gent bundle equipped with the y-Sasaki metric and F be a (1,1)-tensor field on M. A curve 
T = (7(t),€(t)) on TM is an “F-geodesic with respect to V if and only if the 


Ve = Pat RE PON 
y= FE 


Corollary 5.2. Let (M?"™,,g) be a para-Kdahler-Norden manifold and TPM its p-unit 
tangent bundle equipped with the y-Sasaki metric. A curve T = (y(t), €(t)) on TPM is an 
45-geodesic with respect to Vv if and only if the 


Ve = 0% + RE, VE 
t = y& 


Theorem 5.3. Let (M?",p,g) be a para-Kahler-Norden manifold and T? M its y-unit tan- 
gent bundle equipped with the y-Sasaki metric. A curve T = (y(t), €(t)) on TPM is an 
A R(E}, vE))-geodesic with respect to V if and only if the 


We = 2R(E, 9b) 7 
t = RUE, e)& 


154 A. ZAGANE 


Corollary 5.3. Let (M?"™,y,g) be a para-Kéhler-Norden manifold of constant sectional 
curvature c #0 and T/M its y-unit tangent bundle equipped with the y-Sasaki metric. A 
curve T = (7(t),€(t)) on TPM is an “(R(El, yE))-geodesic with respect to V if and only if 


the 
Ve = 2c(g(VE, )& — 9(St, 14) 8) 
: = —eg(&, &:)p& 


Theorem 5.4. Let (M?",,g) be a para-Kdhler-Norden manifold and TM its y-unit 
tangent bundle equipped with the y-Sasaki metric and F' be a (1,1)-tensor field on M. If 
T = (7(t), €(t)) is a horizontal lift of y andl € TPM, thenT is an “F-planar curve (resp., 


AE geodesic) if and only if y is an F-planar curve (resp., F-geodesic). 
Proof. Let y be an F-planar with respect to V on M, i.e. y satisfies 


VY = a1% + OF, 
where g; and g2 are some functions of the parameter t. Since T = (y(t), €(¢)) is a horizontal 
lift of a curve 7 then €; = 0 and from (5.20), we have, 
Vel = gerd 
“orm + o2F%) 
= oy t ot By, 


= ol) + oo@FT%. 


i.e. T be an “F-planar with respect to V. In the case of 0, = 0 and 02 = 1, we get that I is 


an “F-geodesic if and only y is an F-geodesic. 
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ABSTRACT. As a generalization of pointwise slant submersions, we investigate pointwise 
semi-slant conformal submersions from almost Hermitian manifolds onto Riemannian man- 
ifolds in the present work. With the investigation of the distributions’ leaves geometry, we 
explore integrability conditions for distributions. In this study, we additionally explore the 
notion of pluriharminicty. 
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1. INTRODUCTION 


The theory of submersions and immersions had originally been developed and proposed 
by B. O’Neill and A. Gray [14]. They studied the geometrical properties of Riemann- 
ian manifolds and discovered certain Riemannian equations for them. When discussing the 
characteristics between differentiable structures in differential geometry, submersions theory 
becomes an intriguing subject. Mathematics and physics identically study Riemannian sub- 
mersions because of their many applications, most prominent among them being Yang-Mills 
and Kaluza-Klein theories.(see [9], [42], [25], [2i]). In 1976, B. Watson glanced into 
Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds. Af- 
terwards, B. Sahin investigated the geometry of Riemannian submersions and geometric 


properties. He defined anti-invariant Riemannian submersions onto Riemannian manifolds 
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by using an almost Hermitian manifold. He establishes that their vertical distribution is 
anti-invariant under the almost complex structure of the total manifold. Numerous writers 
examined and developed this work by examining anti-invariant submersions [4], [34], semi- 
invariant submersions [35], slant submersions [12], [36], and semi-slant submersions [18], [28], 
among other topics. Tastan, Sahin, and Yanan [40] defined and examined hemi-slant sub- 
mersions from almost Hermitian manifolds as a generalization case of semi-invariant and 
semi-slant submersions. 

In this contribution, T. W. Lee and B. Sahin extended their concept of slant sub- 
mersion a step further by expanding it to include pointwise slant submersions from almost 
Hermitian manifolds onto Riemannian manifolds. In doing so, they discovered a technique 
for illustrating examples for this kind of submersions. Additionally, they established charac- 
terizations for pointwise slant submersions. B. Fuglede and T. Ishihara introduced 
the concept of conformal submersion as a generalisation of Riemannian submersions and 
talked about some of their geometric characteristics. It is clear that conformal submersion 
with dilation \ = 1 is a Riemannian submersion. Gudmundsson and Wood investigated 
conformal holomorphic submersion as a generalisation of holomorphic submersion. The neces- 
sary and sufficient conditions for harmonic morphisms of conformal holomorphic submersions 
have been established. Later on, conformal anti-invariant submersions , [37], [31], conformal 
semi-invariant submersions [5], conformal slant submersions [3], and conformal semi-slant 
submersions [2] have been studied and defined by Akyol and Sahin. Conformal hemi-slant 
submersions [38], [39], conformal bi-slant submersions [6], and quasi bi-slant conformal sub- 
mersions [7] have all been studied geometrically recently, and several decomposition theorems 
have been covered. They also extended the notion of pluriharmonicity to almost contact met- 
ric manifolds, from almost Hermitian manifolds. 

In this paper, we investigate pointwise semi-slant conformal submersions from Almost 
Hermtian manifold onto a Riemannian manifold. The structure of the paper is as follows. 
Section 2 introduces almost contact manifolds, precisely Kaehler manifold with the properties 
required for this study. In the third section of our paper, we define pointwise semi-slant 
conformal submersion and report a few intriguing findings. The prerequisites for distribution 
integrability and the totally geodesicness of its leaves were covered in detail in Section 4. 


Lastly, the notion of J-pluriharmonicity is discussed at the end of the study. 
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Note: In this paper, we will use abbreviation as follows: 
Pointwise semi-slant conformal submersion- PWSSCS 
Almost Hermitian manifold- AHM 
Kaehler manifold- KM 
Riemannian manifold- RM 


Horizontal conformal submersion -HCS 


2. PRELIMINARIES 


We shall provide a few fundamental ideas and consequences that are highly productive for 


our paper. 


Definition 2.1. [8] Let II be a Riemannian submersions between two Riemannian manifolds. 
Then IU is called a horizontally conformal submersion (HCS), if there is a positive function 
such that 

o1(6.¥i) = sy90(T1- 6,110) (2.1) 


for any U1,V € [(kerIl,)+. If the dilation function \ = 1 then, HCS become RS. 


Let IT: (91,91,7) — (@2,g2) be a Riemannian submersion. A vector field X on @; is 
called a basic vector field if X € T'(ker II,)+ and I-related with a vector field X on Og ie 
IL.(X(q)) = XII(q) for q € ©1. 

The formulae given by B . O’Neill of two (1,2) tensor fields Y and 2 are 

We, Fi = HVo5n VEL + VV gE, SF, (2.2) 


Tp Fy =HVven VE +VV yp AM, (2.3) 


for any E), F, € ['(7'@,) and V is Levi-Civita connection of g;. From equations (2.2) and 
(2.3), we can deduce 


Vo M = A%M+VV GN (2.4) 
Vo, 41 = Fy, Xt HVy,X1 (2.5) 
VxUi =Ag t+ UV Ui (2.6) 
V2.¥%1 =HV2N4 Ay Vi (2.7) 


for any vector fields Ui, Vi € [(ker II,.) and XN € [(ker Ti.)= 13}. 


It is obvious that Y and 2 are skew-symmetric, that is 


9 AF, A) =—-G( FL Ag hi), (FA, A) =—-G( hs, FA), (2.8) 
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for any vector fields £,,F, € I'(T,©1). Since %, is skew-symmetric, we say that II has 


totally geodesic fibres if and only if Y = 0. For the special case when II is HCS, we have 


Proposition 2.1. Let Il : (91, g,7) > (92,92) be a HCS with dilation X and X,Y be the 


horizontal vectors, then 
| nee a 
AXY = 51{¥ 1%, ¥] — ’9(X,Y)grady(<5)} (2.9) 
measures the obstruction integrability of the horizontal distribution 


The second fundamental form of smooth map II is provided by the formula 
(VIL.)(U1,V1) = Vi, UeVi —ILVp, Vi; (2.10) 


if (VIL.)(U1,Vi) = 0 for all (%1,V¥, € T(T,01), then TI is said to be a totally geodesic map 


where V and V"* are Levi-Civita and pullback connections. 


Lemma 2.1. Let II: 0; > O02 be a HCS. Then, we have 
(i) (VIIs)(X1, Ya) = Xi (Ind)TL (Yi) + Vi (Ina) (X1) — g1(X1, Vi) (grad Ind, 
(ii) (VIL)(M1,V) = Il, (.Z%, Vi) 
(iii) (VIL.)(X1, 01) = —TL(V x, 01) = —T (Ay, 01) 


for any horizontal vector fields X1,Y;, and vertical vector fields U;,V; [8]. 


Let (0, g) be an AHM. This means that © admits a tensor field J of type (1,1) on © such 
that 
J? ==I, g( JX, JY) =9(X,Y) for all X,Y €T (TO). (2.11) 
An AHM 0 is called KM if 
(VeJ)Y =0, for all X,Y e T(TO) (2.12) 
where V is the Levi-Civita connection on ©. The covariant derivative of J is defined by 
(VeJ)¥Y =VyJY —-JVyY (2.13) 
for all vector fields X ; Y in O. 


Here, we recall the definitions which will be helpful for our text. 


Definition 2.2. Let II be a Riemannian submersion from AHM (®1, 91, J) onto RM (@o, 92). 
If for any non-zero vector X € I'(ker II), the angle 0(X) between JX and the space ker I, 


is constant,i.e., it is independent of the choice of point p € 04, and choice of tangent vector 


160 M. SHUAIB 


X inkerIl,, then we said II is slant submersion. In this case, the angle @ is called the slant 


angle of submersion. 


Now, we recall the definition of pointwise slant submersion defined by T.W. Lee and B. 


Sahin [24] 


Definition 2.3. Let II be a Riemannian submersion from AHM (©, 91, J) onto RM (@g, g2). 
If at each given point q € Qo, the wirtinger angle 0(X) between JX and the space ker II, is 
independent of choice of the non-zero vector X € T(kerII,), then we say that II is a pointwise 
slant submersion. In this case, the angle @ can be regarded as a function on ©,, which is 


called slant function of the pointwise slant submersion. 


3. POINTWISE SEMI-SLANT CONFORMAL SUBMERSIONS (PWSSCS) 


In this section, we will review the definition that will aid us in discussing and investigating 
the concept of pointwise semi-slant conformal submersions PWSSCS from almost Hermitian 


manifolds. 


Definition 3.1. Let II : (91,91, J) > (2,92) be a HCS where (Q1,91,J) is a AHM and 
(Q2,92) is a RM. A HCSII is called a PWSSCS if there exists a distribution D such 
that ker, = D @D°, J(D) = D and for any given point q € 0, and X € (D°),, the 
angle 9 = 0(X) between JX and space (D°), is independent of choice of non-zero vector 
Pe (O05 where D° is the orthogonal complement of D in kerIL,. In this case, the angle 0 


can be regarded as a slant function and called pointwise semi-slant function of submersion. 


If we suppose m, and mz are the dimensions of D and D°, then we have the following: 
(i) Ifm1 = 0, m2 4 0 and 0 < @ < 4, then II is a pointwise slant submersion. 
(i) If my 4 0 and mz = 0, then II is a invariant submersion 
(ii) If my 4 0, mz 40 and0<6< 4, then II is a pointwise semi-slant submersion. 
We are providing the example of PYWWSSCS for support of our study. 
Let II be a PWSSCS from an AHM (@j, 91,7) onto a RM (@o,g2). Then, for any 
W € (ker II,), we have 
W =PW+QW (3.14) 
where P and Q are the projections morphism onto D and 9°. Now, for any We (ker IL,), 
we have 


JW =y~W+cw (3.15) 
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where WW €T(kerH,) and CW € T'(kerH,)+. From equations (3.14) and (3.15), we have 


JU =J(PW) + J(QW) 


=(PW) + (PW) + dQW) + ¢(QW). 
Since JD = D and C(PW) = 0, we have 
JU = }(PW) + w(QW) + (QW). 
Now, we have the following decomposition 
(ker IL,) = €D° © p, (3.16) 


where jp is the orthogonal complement to ¢D° in (kerTI,)+ such that p is invariant with 


respect to J. Now, for any X € I'(kerII,)+, we have 
JX =BX+€X (3.17) 
where BX € [(kerI,) and €X € P(kerT,)+. 


Lemma 3.1. Let (01,91, J) be an KM and (Qo, gz) be a RM. If Il: 0, 4 Oo is aPWSSCS, 


then we have 
—W =y?W+PCW, CUW+ CCW =0, -Y = (BY + CY, WBY + BEY, 


for any vector field W € TV (ker II.) and Y € T'(kerII,)+. 


Proof. On considering the equations (2.11), (3.15) and (3.17), the proof of Lemma exists. 


Since II : 0; + OQ is a PWSSCS, let us present some helpful investigations that will be 


applied in this paper. 


Lemma 3.2. Let II be a PWSSCS from an AHM (1, 91,7) onto a RM (Qo, g2), then we 
have 
WW = (—cos?0)W, (3.18) 


for any vector fields W € r(D"), 


Lemma 3.3. Let II be a PWSSCS from an AHM (1, 91,7) onto a RM (Qo, ge), then we 
have 

(i) nbZ, yw) = cos” Oq(Z, W), 

(ii) g1(CZ, CW) = operatornamesin?6 g,(Z, W), 


for any vector fields Z,W €T(D°). 
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Proof. The proof of the preceding Lemmas is identical to the proof of Theorem (2.2) of [II]. 


As a result, we omit the proofs. 


Let us suppose that (Q2, g2) be a RM and (@}, 9), J) be an AHM. We now analyse how the 


Hermitian structure on Q influences the tensor fields 7 and 2 of PWSSCS II: (01, 91, J) > 


(Oo, g2). 


Lemma 3.4. Let Il : 0; + O2 be PWSSCS with semi-slant function 0 where, (Q1, 91, J) 


KM and (2, g2) be a RM, then we have 

AcCY +VV_BY = BHVeY + YAgVY 
AVe€Y +APBY =CHVeY + CAyV 
VV gbV +AQCV =BAGV + YVVVgV 
AcyV + HVeCV =CAGV+CVVgV 

VV BX + FEX =WF,X + BHV_X 
FBX + HV yEX =CF_X + CHV GX 
WV WV + TV -WVV GV =BIAV 
FeWV + HV AV =CTV +CVV GV, 


for any vector fields U,V € T(ker IL.) and xve T'(ker II,)+. 


(3.19) 


(3.20) 
(3.21) 
(3.22) 
(3.23) 
(3.24) 
(3.25) 


(3.26) 


Proof. By using (2.12), and (2.7) (3.17), we get first two relations and (3.20). 
Similarly, by considering equations {2.12}, (2.7), (2.4)-(2.7) and (3.17), the 


desired results holds good. 


We will now go through some key conclusions that can be utilised to examine the geometry 


of PWSSCS II: 0; + Og. From the direct calculations, we can conclude the following: 


(Vib)V =VVgtV -VVV5V 
(Vg6)V =SVgV -CVV GV 
(Ve B)Y =VV BY —- BHVeY 
(Ve@)Y =HVgCY —HVEZY, 


for any vector fields U,V € P(kerII,) and X,Y € T'(kerII,)+. 


(3.27) 
(3.28) 
(3.29) 


(3.30) 
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Lemma 3.5. Let (01,91, J) be a KM and (@2, 92) be a RM. If IL: 0, + Og is aPWSSCS 


with semi-slant function 0, then we have 
(Veb)V =BIV — FZyvV 
(Vi6)V =€IV — Fywv 
(VeB)Y = yAgY —AyCY 
(Ve@)¥ =CAgY —A,BY, 
for all vector fields U,V €V(kerI,) and X,Y €T(kerT,)+. 


Proof. By using equations (2.13), (2.4)- and equations (3.27)-(3.30), we can obtain the 


results. 


The tensor fields ~ and ¢, if they are parallel with regard to the Levi- Civita connection 
V of ©1, then we obtain 


BIV = FlV, CFV = TeV 
for any vector fields U,V € I(T). 


4. CONDITIONS FOR INTEGRABILITY AND TOTALLY GEODESICNESS 


In this section, we discuss the geometry of PWSSCS II : (01,91, 7) > (©2,92) from 
KM onto RM in terms of integrability of invariant and slant distribution. Apart from this, 
we also examine the necessary and sufficient conditions for the leaves of distribution to be 
define totally geodesic foliation on ©,. We start the condition for integrability for invariant 


distribution as follows : 


Theorem 4.1. Let Il: 0, — ©2 be PWSSCS with semi-slant function 0 where, (01,91, J) 
is a KM and (@2,92) be a RM. Then the invariant distribution D is integrable if and only if 
WV gbZ+ Fy6ZETV(D*) and VV_vZ + FlZ ETD"), (4.31) 
for any vector fields U,V €T(D) and Z € T(°). 
Proof. For all vector fields U,V € T(®) and Z € T'(®°) and by using equations (2.11), 
and (2.13), we have 
n((U,V],2Z) = n(VgJV, JZ) — (Vy JU, JZ) 


=-9(VgIZ,IV) + (Ve IZ, JU). 
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Taking account the fact from equations (2.4) and (2.5) in both part of the above equation in 
right hand side, takes the form 


n(V_gV,Z) = —n(Ve¥Z, dV) — g1(Vg6Z, vv). 
By using equation in above relation, we have 
n(V_V,Z) = -—g(VV gbZ, WW) — 91( Fy 6Z, vv). 
In above equation, change the role of U and V, we may yield 


n((U, VV], Z) = -—g (VV gbZ + FZ, wv) — (VV pbZ + FEZ, wv). 


Theorem 4.2. Let Il be PWSSCS with semi-slant function 0 from KM (04,91, J) onto a 
RM (2,92). Then D° is integrable if and only if 


WIQW — Fy6Z) = (FyCvZ — FzCbw), (4.32) 
for any vector fields Z,W € T'(D°) and Ue ri). 


Proof. By using equation (2.11), and (2.13), we may yield 
n([4,W],0) = n(VzIW, JU) — 9 (Vy IZ, JU), 
for every vector fields Z,W € T'(D°) and ve I(®). By using equation (3.15), we can write 
n([Z,W],0) = —n(VgbW, JO) — n(VybZ, JU) + n(V ZW, JU) — g(V CZ, JO). 


Now, considering the equation (2.11) and equation (2.5) in third and fourth terms, above 
equation takes the form 


n((Z,W],0) = n(VzIdW,U)+91(V yx IVZ,U)+91(Fe6W, JU) -g1(FyCZ, JU). (4.33) 


Taking account the fact from (3.15) in first term, we get n(VgJ0w, U) =-g1 (VeieW, U)— 

on (Vecow, U). By using Lemmal3.2| n (VeIow, U) = cos? 0g, (VeW, U)—gi(V 36ow, U). 

The same calculation in second term, we get —gi(Vy, IpZ,U) = —cos? 0g, (VieZ, U) + 

91 (Vie6bZ ; U). On combining these calculations, finally equation (4.33) takes the form 
n([Z, Ww), U) = cos” Ogi ([Z, WI, U) = (Vso, U) al n(Vy6bZ, U) 


+ 91(Fz6W, JU) — 91(FyCZ, JV). 
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Finally, by using equation (2.5), we can write 


sin? 091 ([Z,W],U) = gi( Fy6vZ, UV) — n(Zy6vW, UV) + n(FzOW — Fy,CZ, JV). 


From which, we can conclude the result. 


Since II : (01,91, J) + (92,92) be a PWSSCS which ensure the availability of slant 
distributions. After discussing the integrability conditions of distributions, we are going to 
examine the necessary and sufficient condition for which the leaves of distributions defined 


totally geodesic foliation on 0}. 


Theorem 4.3. Let Il be PWSSCS with semi-slant function 0 from KM (®1,91, J) onto a 
RM (®o, 92). Then D is defines totally geodesic foliation on ©, if and only if 


FZ = —y(FgCZ) and n(VV gv, BX) + gil FyyV, €X) =0, (4.34) 
for any vector fields U,V €T(D),Z €T(®°) and X €T(kerII,)+. 


Proof. By considering g (Vi, Z), for any vector fields U,V € T'(®) and Z € T(D%). Since, 
V and Z are orthogonal to each other, this can be write as nVeV, Z)=- (ViZ, V). 
Operating almost complex structure J on both side and using equations (2.11), (2.12), (2.13) 


and (3.15), we have 
n(VeV,Z) = -g(VevZ, IV) — 9(V CZ, JV). 
Further, in the light of equations (3 and , we get 
N(VgV,2Z) = —n(Vew?Z,V) + nV 96vZ,V) — n(Fp6Z, IV). 
Since, Il is a PWSSCS with semi-slant function 0, then by using Lemma|3.2]in first term of 
above equation, finally this will takes the form 
sin” Og1(VgV,Z) = g(Vg6¥Z,V) — g( FpCZ, IV). 


From this we can get the first part of theorem. For next one, we consider g1(V;; V~, XK) for 


any vector fields U,V € T'(D) and X € T'(kerII,)+. By using equation ( (2.11), (2.12), (2.13) 
and (3.17), 3.15), this term will takes the form as n(VegV,X) = n(V av, BX + €X). 
Finally, considering equation (2.4), we can write 


g(VgV,X) = n(VVgpV, BX) + (Fp, €X). 


From which the second part of theorem holds good. 
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Since, II is PWSSCS with semi-slant function @ from (01, 91, J) onto (Q2, g2). The slant 
distribution is mutually othogonal to invariant distribution. After discussion geometry of 
leaves of invariant distribution, it is quite interesting to study the leaves of slant distribution 


geometrical point of view in following manner. 


Theorem 4.4. Let Il: 0; > O2 be PWSSCS with semi-slant function 0 where, (01,91, J) 
a KM and (@2,92) a RM. Then D® is defines totally geodesic foliation on ©, if and only if 
WVV gbPW + Z2CPW + FZ2CWQ) €T(D") (4.35) 
and 
(VV gwPZ, ww) — n( Fz0PZ, CW) + n1(V xPvQZ, W) 
= 91(7x6QZ, yW) — sin? O91 ([Z, X], W) — 2sin 6 cos 0X (8) 91(QZ, W) nee 
+ 91(X, grad in )gi(6QZ, CW) + g1(CQZ, gradin A)gi(X, CW) = 


— 91(CW, grad in )91(6QZ, CW), 


for any vector fields Z,W €T(D°),U €T(D) and X € T(kerI,)+. 


Proof. Let us consider for any vector fields Z, W € T'(°) and U € T(D). In light of equations 
(2.11), (2.12) and (2.13) after operating almost complex structure J on both side, we have 
n(VgW,U) = m(VzJIW, JU). 

By using decomposition (3.14), n(VeW, U) = n(V zJ(PW + QW), JU). Taking account 

the fact from equation (3.15), we have 
g(VgW,U) = g(Vz~PW, JU) + g(V CPW, JU) 
+ n(VzbQW, JU) + g1(V 26QW, JU). 
Considering the equations (2.4) and (2.5) and since ® is invariant under almost structure J, 
ie., JD =D, we may yields 
9(V ZW, U) =91(VV g¥PW, JU) + 91(-7,CPW, JU) 
(4.37) 
— 7 (Vev?QW, U) + gi(Vz6QW, JU). 
By using Lemma]3.2| in third term of above equation, which can be write as —g1 (V5v?QW, U) = 
g(V 3 (cos? 0)QW,U). Then the equation (4.37), will takes the form as 
g(V ZW, U) =91(VV ZhPW, JU) + 1(F6PW, JU) 


+ 91(V g(cos? —)QW, U) + g1(V g6QW, JU). 
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Since, II isa PWSSCS with semi-slant function 9, then we can write the above equation as: 
g(VgW,U) =n (VV gbPW, JU) + 91(FZe¢PW, JU) 
+ 91(V z(cos” 0)QW, U) + g1(V z6QW, JU). 
With simple steps of calculations, finally we get 
n(VgW,U) =n (VV ZyPW, JU) + 91(FZzCPW, JU) + 1(VzCQW, JU) 
+ 2sin 6 cos 0Z(0)9,(QW, U) + cos? 091 (V,QW, U); 


From which the first part of theorem holds good. For the other part of theorem, let us 
suppose for any vector fields Z,W € T(9*) and X € (ker II,)+. We start with considering 


the term gi(VgW, x); by using basic calcaltions, this term can be write as gi(VgW, x) = 


=9((Z,X|, W) — nV eZ, W). By using equation (2.11 : (2.12) and (2.13), this term takes 


the form as 
n(VzW,X) = —g([Z,X],W) —n (Vg JZ, JW). 
In the light of equations and since ® is invariant under J, we get 
n(VzgW, X) = —9([Z,X],W) -— (Vg bPZ, IW) — n(V ¢¥QZ, JW) — 91(V ¢6Q4Z, JW). 
By using equations (2.11), and (2.5), we have 
m(VgW, X) = —g([Z,X],W) — me yPZ, CW) -— (VV gbPZ, dW) + (Ved? QZ,W) 


+ g(V ¢64QZ,W) — n(A~6QZ, PW) — g1(HV ~6QZ, CW). 
(4.38) 


Since, II is a PWSSCS with semi-slant function 6, then with simple steps of calculations, 


the fourth term of above equation take place as 
g(V ¢¥°QZ,W) = — g1(V x (— cos” 0)QZ, W) 
= 2sin 0 cos 0X (0)9,(QZ, W) — cos? 0g, (VeQZ, W). 
By using the above equation in (4.38), we may write as 
n(VgW, X) =— 9((Z,X],W) — ngdPZ, CW) — n (VV gdPZ,~W) 
+ p(V ¢6¥QZ,W) — 1(AeCQZ, VW) — g1(GV~CQZ,CW) (4.39) 
+ 2sin @ cos 6X (8)g91(QZ, W) — cos? Og1(V ¢QZ, W). 


Now, the first and last term can be write as: 


—g((Z, X], W) — cos? 091(V ¢QZ, W) = sin? 691([Z, X], W) — cos” Og1(VzX,W). (4.40) 
x Z 
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Since, IT is a PWSSCS, then by using equation in (4.39), we can write 
n(VegW, X) =2sin 0 cos 0X (0)91(QZ, W) + sin? 091([Z, X], W) — cos? Oqi(V eX, W) 
— nAgpPZ, CW) — n(VV gwPZ,~W) + n(V xC¥QZ, W) 


— 71 (Ag6QZ, UW) — gi(HV e6QZ, CW). 
(4.41) 


Now, using the horizontal conformality of II from Lemma_2.1] and equations (2.1), (2.10) in 


the last term of above equation, can be written as 
— (SV 2602, CW) =spo0r(VEM. (COZ), Te(CW)) — span ((VT)(¥, C04), TL(CW)) 
+ sp9n(VEIL, (COZ), 14(GW)) — (X, gradin Agu (COZ, CW) 
— 91(CQZ, gradIn d)gi(X, CW) + 91 (CW, gradIn d)gi(X, ¢QZ). 
Now, by using the above relation, equation (4.41) finally turns into 
gi(VgW, X) =2sin 6 cos 0X (8)91(QZ, W) + sin? 0g; ([Z, X], W) — cos” Og1(V 3X, W) 
— n(AgpPZ, CW) — n(VV gy~PZ, PW) + (Vx 6¥QZ, W) 
— p1(Ag6QZ, wW) — ni (X, gradln A)g1(CQZ, CW) 
— 91(CQZ, gradin \)q(X, CW) + 91 (CW, grad In \)gi(X, CQZ) 


+ sya (WEI (602), 1L(CW)). 


Hence, this proves the theorem completely. 


The study of geometry of leaves of horizontal and vertical distributions of PWSSCS is 
very important. We start our discussion with necessary and sufficient conditions for vertical 


distribution ker II, is totally geodesic. 


Theorem 4.5. Let us suppose that II be a PWSSCS with semi-slant function 0 from KM 
(01,91, J) onto a RM (2,92). Then ker II, is defines totally geodesic foliation if and only if 


IAT ET (CO),Te(C7)) + 1 Og vPO, CV) + (VV vPO, ¥V) 


= cos” g(V QU, V) — 2sin 6 cos 0X (0)g1(QU, V) + gi ((U, X], V) 

(4.42) 
+ g1(X, gradin )91 (QU, GV) + g1(GQU, grad nd) gi (X, CV) 
_ nV, grad In A)g1 (X, ¢QU) — 91 (Ae CQU, pv), 


for any vector fields U,V € T(ker IL.) and Ae ['(ker II,)+. 
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Proof. We start the proof of theorem with considering the term gj (Va, x ). From simple 
steps of calculations with basic definition, this turns into gn(VgV,X) = —91((U, X],V) — 
gi(V xU ; V). Operating J, which is a almost complex structure with using equation (2.13), 


(2.12) and (2.13) on second term, this will take place 
g(VgV,X) =—-g1((0, X], V) — n(V 2 JU, JV), 


for any vertical vector fields U,V and horizontal vector field X. In the light of decomposition 


(3.14) and (3.15) the second term of above equation, we can write 


n(VoV,X) = —g1((U, X1,V) — g(V ge bPU, JV) — gi (V pbQU, JV) — n(V ¢6QU, JV). 

(4.43) 
In the light of equation (3.15) and (2.6), second term of above equation become 
—n(VepPU, IV) = nAgpPuU, iV i= n(VV <yPU, pV). Similarly, from equation (2.11), 
and (2.6), third term turns as —gi(VebQU, IVv\= gn(Vev?Qu, V)+a(V eCvQu, V). 
In last term, taking account the fact from decomposition and equation (2.7), this will 
take place as —n(VeQU, JV) = —9 (HV xCQU, iV) — n(AgCQu, V). Put the values of 
all these terms in equation (4.43), we get 


n(VeV, X) =— gi((U, X1,V) + (Ag dPU, CV) — g1(VV ePPU, WV) + g1(Ve¥?QU, V) 
+ 91(Vx6¥QU, V) — n(HVx6QU, CV) — g1(AyCQU, WV). 

Since, II is a PWSSCS with semi-slant function 0, using Lemma)3.2| above equation turns 

into 

n(VgV,X) =— g((U, X],V) + n(AgpPU, CV) — 9 (VV bPU, WV) — (Vx (cos? 4)QU, V) 
+ n(V x6bQU, V) - (HV x6QU, CV) — 91 (Ag6QU, WV) 
=—91((U, X],V) + m(AgpPU, CV) — (VV gpPU, WV) + 1(V xC¥QU, V) 
+ 2sin 6 cos 0X (8) 91(QU, V) — cos” 091(V QU, V) 
— n(HV ¢6QU, CV) — gi (Ax CQU, WV). 


(4.44) 


Considering equations (2.1) and (2.10), second last term of the above equation will be 


= (SV x6OT, CV) = soo VE (COE), 16 (CV)) — sy 90((VIL.)(X, (OH), Te(CP)). 
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By using the definition of horizontal conformality of II from Lemma |3.2| we can write 
— (BV x6OT, CP) = sy 9o(V EI (CQU), Te(V)) ~ sy o2((X (im A)TTe(COU) 
+ CQU (In A) )TIs(X) — gi(X, CQU)IL (grad In d), T.(¢V)). 


Now, by using above two equations in (4.44), finally we have 


g(VegV,X) =— 1 ((U, X],V) + (AgyPU, CV) — g1(VV gvPU, WV) + g1(V x 6¥QU, V) 
+ 2sin 6 cos 0X (0)g1(QU, V) — cos? Og1(V ¢QU, V2 n(AgCQu, pv) 
— gi(X, gradIn A) gi (CQU, CV) — gi (CQU, grad in A)gi(X, ¢V) 


oF n(x, CQU) 91 (CV, grad ln X). 


This completes the proof. 


Theorem 4.6. Let Il be PWSSCS from a KM (01,91, J) onto a RM (@2,92). Then the 
map II is totally geodesic map if and only if 


(i) 92(Z(In NT CYW + GHZ (In eZ — g1(Z, CPW) (grad In d), Te(X)) 
= n(FgW?W, X) + ye 92(V PIL CYW, IL. (X)) 
(ii) cos? Ogi (Fx¥, Z) + x2{92(VEUACLY , Th. (Z) — go(VETLCY , IL. (€Z))} = 0 
(iii) cosec? Ogi (AzPU, W) + cot? 6 cos? Og1(HV zQU, W) 
= —x2{92(VPI.CdQU, IL. (W)) + go(VZTLCQU, IL. (€W))}, 


for any U,V €T(®D), X,Y €1(%) and Z € TV (ker I,)+, U0; € (ker II,). 


Proof. Let us consider g2((VH,)(Z, W), II.(X)), for any Z,W €T(D) and X € (ker T,)+. 
On using equations (2.10) with definition 2.1| we may obtain g((VI.)(Z, W),.(X)) = 
—)? 91 (VW, X). This relation can be turn into 


=92((VILe) (2, W),1L(X)) = (VW, X). 


Taking account the fact that JW = WD if W € T'(®) and from equations (2.11), 3.15) in 
the right hand side of above equation, we get 
1 es : 3 
292 (Vs) (Z, W), Is (X)) = —g1(V gbW, JX). 
By using equations (2.4), (2.5) with (3.15), we can get 


=92((VILe) (2, W), TL (X)) = 91(Fev?W, X) — gi(HV sg CW, X). (4.45) 
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Since IT is PWSSCS, by using definition the second term in the right hand side 
of above equation can be turn into —9 (HV s6yW, X) = yr 92((VIL.)(Z, (YW), TL. (X)) — 
ww 92(ViylleCyw, IL, (X)): By using this in (4.45), we may have 


((V11,)(Z, W), Ma(X)) = Fyv?W, X) + syo0((Ve)(Z, Ce) 1L(%)) 
1 


— 5792(VZHe GoW, He(X)). 


1 
2 


Finally with using Lemma [3.3] we get 
1 ns , 1 A * * A 
j292((VIs)(Z, W), Hs (X)) =s592(Z (In AIL CPW + GoW (In A) Z 
— n(Z, COW )IL.(gradin r)) + 91(Fzh°W, X) 


1 & A 


which is part (i). For part (ii), take into consideration go((VIL.)(X,Y),0.(Z)), for any 
X,Y €1(®°) and Z € T'(kerII,)+. From equations (2.10) with definition [2.1] we can write 
g2((VIIx)(X, Y), 1. (Z)) = —Nn(V ZY, Z). In the light of relation (2.11), (2.12) and (3.15), 
we get 
1 xo . ee —— 
292 (VIL)(X, Y), I (Z)) = —9(V g bY, JZ) — n(V x6, JZ). 
By using equations (2.11), (2.12), (3.17), above equations turn into 
if a . i” ae . 
292 ((VIL)(X, Y), Ws(Z)) = (Vg IbY, Z) — gi(V 26, BZ + EZ). 


By using equation (2.5), we can write 


3 92((VILe)(X,¥),1e(Z)) = (Vg bP 2) + (7 eC, 2) 


— gi (HV gCY,€Z) — g1(FelY, BZ). 
Taking account the fact from equation (2.5) with Lemma|3.3] we may have 


5292((VIle)(X, vi, I.(Z)) = g1(V x (cos” AY, Z) + n(HV eCvy, Z) 
(4.46) 


— n(DV CY, €Z) — n(Fx6¥, BZ). 
Since II is a PWSSCS from a KM 0, the the first term of equation (4.46) turn into 
as gi(V x (cos* 0)Y,Z) = 2sin0cosOX(0)91(Y,Z) + cos? Ogi(VeY, Z), where the second 
term as gi (SV ¢C¥Y, Z) = yxgo(VEICWY, Ty + Z)) — xxgo((VUs)(X, (PY), 11.(Z)) and 
third term as 91(SV ¢6WY, Z) = —yego(VUNLCY I. (€Z)) + yeg2((VIL)(X, CY), Ue (€Z)) 


by using equation (2.10) and definition [2.1] 
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With all these facts using in equation (4.46), we can write 


1 


1 


= 2sin 6 cos0X (0)91(Y, Z) + cos” Og: (VeY, Z) + a g2(V RTL CoY, (IL.Z)) 


— $y92((VIL.)(X, CV), e(Z)) — <yon(VETLCY, 1 + €2)) 


1 ae 7 Le 
+ spool (VIL(X, CP), He(€2)) ~ gu TeoV, BA). 
Finally, by using the Lemma in fourth and fifth terms, the above equations takes the 


form 


22 (VL )(X, ¥), (2) 


= 00k (In A)IL.¢Y + CY (In \)TL.X — gi (X, CY I. (gradIn 2), I. (€Z)) 


- 92 (In A)TLGbY + (WY (In AIL X — gi(X, (WY JIL (grad In d), 1L.(Z)) 


— 4 (VET CY, My * €2)) — gn Fe, B2) 
2 xX ( 


8 1 
+ cos” 0g (V¢Y,Z) + 


This is the proof of part (iz). For (ii) part, we consider 


1 BK a “ a 
yo 92 (VIL) (Z, U,), IL.W) = —gi (TL. V 2U1, IL.W), 


for any U,; € T(kerI,) and Z,W €T(kerII,)+. By using equations (2.11), (2.12), (3.14) and 


(3.15), we can write 
a2 (V)(Z, 01), TW) = = (0 POW) + on 0 282QU,W) — n(V 6u00, W) 
— n(HV26QU, EW) — 1 (Az6QU, BW). 
Since PWSSCS, then by using Lemma 3.3] and definition of horizontal conformality [2.1] the 
above equation turn into 
<92((VIL) (2, 0), TW) = — (APU, W) — sin 202(6)9: (QU, W) + cos? 6g1(V 00, W) 
— 5y92(Ie (SV 6UQ0), TL (W)) — =592(Tle(SV 7600), 1. (€W)) 
— g1(%z6QU, BW). 
(4.47) 
The second term on right hand side of above equations become 0 since QU and W both are 


orthogonal, whereas the third term reduces with equations (2.11), (2.12) and Lemma\3.3) as, 
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— cos? O(n (Vzv?QU, W) + cos? 0g, (V s6vQU, W)) + cos? 091 (V3¢QU, BW+¢W). With 
this value equation (4.47) reduces to 


=92((VIL) (2, 1), IL,.W) 


=— n(AzPU, W) — cos” Ogi (V 2h QU, W) + cos* Ag1(V 26dQU, W) 
+ cos? 0g, (V s¢QU, BW + cw) + cos” 0g, (V,QU, W) (4.48) 
| “ p 1 " ‘ 
— 57 92(Te(SV 26000), He(W)) — 55 92(le(SVzC00), TL. (€W7)) 
— 91(z6QU, BW). 
Since I] is a PWSSCS from KM onto RM, by using the formula of second fundamental 
form of II and Lemma [3.3] sixth term in the right hand side of above equations reduces to 
sr92(Z(In A) CPQU + CWQU (In ANIL Z — gi (Z, (QU). (grad In 2), IsW) and the seventh 


term as 37 92(Z(In d)ILCQU + CQU (In AIL — 91(Z, CQU)I, (gradIn ),1,.€W). Putting 
these values in equation (4.48), we have 


=392((VILe) (2, 1), IL.W) 


=yn(4 (In A)TL.CHQU + CYQU (In ANT, Z — gi (Z, CHQU) IL, (grad In X), T,.W) 
= 3922 (In d)TL.CQU + CQU (In AIL. Z — g1(Z, CQU) IL, (grad nd), IL,.¢W) 
— 9 (AzPU, W) — cos” Og1(V zgv?QU, W) + cos? 091(V 6¥QU, W) — g1(AzCQU, BW) 
+ cos” 091(V z¢QU, BW + EW) + cos* 691(V zQU, W) 


1 nee 1 ‘ s 
= 52 92(V ZU CvQU, I1.W) a 52 92(V eC QU, IL. eW). 


Finally, by using definition of horizontal conformality with Lemma and equation (2.7), 


we can write 


z92((VUL.)(Z, 01), 1.17) 


= sin? O{ x 92(2(In AIL CYQU + CHQU (In A)TL.Z — gi(Z, CHQU) IL, (grad In d), T1.W) 
4 <92(A(In d)TCQU + CQU (In A)IL.Z — gi(Z, (QU) (grad In A), 1.€W)} 


2 ee apd - A 
— sin? O53 g2(VzllxCwQU, IL.W) — sin” 95 go(Vzll.CQU, IL. €W) 
— g1(AzPU, W) + cos* Og1(VzQU,W), 


from which we can get part (iii) of Theorem. 
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5. PLURIHARMONICITY 


In this section, we discussed the concept of J-pluriharmonicity on AHMs which was once 
studied and defined by Y. Ohnita 26]. Let I] be a PWSSCS from KM (01, g1, J) onto a RM 
(Q2, go). Then PWSSCS is J-pluriharmonic, D-J-pluriharmonic, D°-J-pluriharmonic, (D — 
®°*)-@ pluriharmonic, ker II,-J-pluriharmonic, (ker I,,)+-J-pluriharmonic and ((ker II,)+ — 


ker I,.)-¢-pluriharmonic if 
(VIL.)(X,Y) + (VIL)(JX, JY) =0, (5.49) 


for any X,Y € I'(D), for any X,Y € I'(®%), for any X € I'(D),Y € I(D%), for any 
X,Y €T(kerIl,), for any X,Y € T(kerII,)+ and for any X € T'(kerI.)+,Y € P(kerII,). 


Theorem 5.1. Let Il be aPWSSCS from KM (01,91, J) onto a RM (©2, g2). Suppose that 


Il is D°-J-pluriharmonic. Then D® defines totally geodesic foliation on Q, if and only if 
Vie, Ue I¥1 + Vig WaCY, =U (Vy 2,671 + Aex, VM + Fyx,WPoN + HV yx, CUPYN) 
+ TL(Fyx, QU + HV yx, CHQUN:) 
— cos” OIL Fy x, VCQUY: + Fx, QV), 
for any x. E€T(®*). 
Proof. For any xi, Y, €T(®%) and using the pluriharmonicity of J with equation (2.10), we 
get 
0 = (VIL,)(X1, %4) + (VIL)(J-X1, JN) 
a _y II an . Ty 
= ILV 3 Y1 + Vij¢ UeIN ILV jy IN. 
Now, from the above equation, we can write 
a _ 
ILV 3 M1 — Vix, Hen —ILV jy, JY. 


The second term in the right hand side of above equation with using equation (3.15), takes 
the form as ILV yx, 0Y1 — IV iseevi + L.Vex, YY1 + TLV yeGYu Now, equation can 
be write as 
. oll A we os 
ILV 3 V4 =V 75x en — IL.V 9,0 TLV y¢,6%1 


— TLV ey, 0%1 — Vy, OM. 
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Taking account the fact that H is PWSSCS with using equations (2.5), (2.6), (2.10) and 
(3.14), we have 

IV M1 = — I (Fy¥, 6M + HVy CN + Ay YN + VV ex, YN) 
+ {¢X1(In A)IL CY, + CY) (In A)TLCX1 — 91 (¢X1, CY) (grad In )} 
- Vig, Ts Iv = View, WaeY1 +I (JV yx, J(PYYi + Qed). 
Operating J in the last term in the right hand side of above equation with Lemma [3.2] and 
equations (2.5) and (2.6), we may have 
TV 3 V1 ={CX1(In A)TL CY, + CY; (In A)TCX1 — 91 (CX1, CY). (grad In X)} 
+ ILe(Fyx,VPPOYi + VV yx, VP POYi + Fx, CUPYY: + HV yx, CURVY) 
Te(Fyx,VOUN + VV yx, WOU + Fx, WOW + HV yx, CVQUN) 
— cos” Ola Fx, VCQUN + VV yx, VCQUN + Fx, Qi + VV yx, Qi) 
Th ( Fy, ¢,6%1 + HV yy, 6M + Ay WN + VV ey, YN) 


Il z Il 
— Vi WIM — Vig Ith. 


Theorem 5.2. Let Il be a PWSSCS from KM (01,91, J) onto a RM (Oo, 92). Suppose 
that II is ((ker IL,)+ — ker I1,)-J-pluriharmonic. Then the horizontal distribution (ker T,)+ 


defines totally geodesic foliation on ©, if and only if 
IL.Vy,W — Vig TL(JW) + cos* OIL. 2 ee, QW — cos? OIL. CA py, (QW 
= sin” Of CY; (In A)IL.(CHQW) + CHOW (In A)TL(EYi) — 91 (CWOW, EY )TL.grad In \} 
+ cos? 6.J{€Y1 (In A). (CQW) + CQW (In A)IL.(€¥1) — gi (CQW, CY1)T. grad In \} 
— IL (Zgy,PYW + Fey, WW + Agy, PPW + HVgy, CW) 
— sin? 0V fy, He (CWQW) + cos? OV Uy, IL.(CQW), 
for any Y; € T(kerIL,)+ and W € (ker IL,). 


Proof. For any Y; € I (ker I1,)+,W € I(kerI,) and using equations (2.10), (3.14), (3.15) 


with considering the fact that the pluriharminicity of J, we can write 


TL, Vey, CW = —ILk(Vigy, PW + Ving, CW + Vey, pW) —ILVy W + V0, ILIW. 
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Now, by using equations (2.4), (2.6), (3.14), and from the Lemma|3.2| above equation 


can takes the form as 
I, Veg, CW = — Ie Zgy, CW + HV ge, CW) —ILVy W + Vip IL IW — Vey, CHOW 
+IL(IV gy, YW + IVeg, JW) — cos” OIL. (JV ey, JQW) 
IL. (—Jgy, PYW — VV gy, POW — Tey, WW) 
+ IL(-VV gy, QUW — Ay, PPW — VV gy, YPW). 


By using the horizontal conformality of I, Lemma)3.2| equations (3.15) and (2.10) with some 


simple steps of calculations, we may have 
Th. Vey,6W = — cos’ O11 (Aey, QW) + cos? OIL. (CA py, (QW) + sin? O(VIL.)(€¥1, CLQW) 
— sin? OVE, Te (CLQW) + cos” 6F(VIe)(€%1, CQW) + cos” dV ie, I. (CQW) 
— Ils (Fgy, CW + DV gy, CW) — ILVy,W + Voy IL IW 
— IL. (Zgy,PYW + VVegy,PYW + Fay, MW + VV ayy, WW) 
— IL « (Apy, PPW — VV ey, PPW). 
Finally, by using the Lemma [2.1] the above equation takes the form 
Th. Vey, CW 
= sin? 0{CY; (In A)TL, (CYQW) + CYQW (In ANIL. (CY) — gi(C¥1, CWQW)IL, (grad In d)} 
cos? 6J{€Y} (In A)IL,(CQW) + CQW (In A)TL. (€¥1) — 91 (CY, CQW)IL, (grad In A)} 
I (Zige,CW + HV gy, CW) — IL Vy, W + Vip I JW — cost 61, (ey, QW) 
— IL. (Zgy, PYW + VV agg. PYW + Toye, QUW + VV eq¢, QUW) + cos? OTs (CA py, (QW) 


—IL* (Apy, PPW — VV ey, PPW) — sin” OV ey, Ue (CHQW) + cos” OV ey, I. (CQW). 


From the above equation, we can get the proof of Theorem [5.2] 
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RULED SURFACES WITH 7,N,B,-SMARANDACHE BASE CURVE 
OBTAINED FROM THE SUCCESSOR FRAME 


GULSAH uzun|®| SULEYMAN sENYURT|©]+, AND KUBRA AKpaG|®| 


ABSTRACT. In this study, ruled surfaces formed by the movement of the Frenet vectors of 
the successor curve along the Smarandache curve obtained from the tangent and principal 
normal vectors of the successor curve of a curve are definened. Then, the Gaussian and 
mean curvatures of each ruled surface were calculated. It has been shown that the ruled 
surface formed by the tangent vector of the successor curve moving along the Smarandache 
curve is a developable ruled surface. In addition, it was found that the surface formed by 
the principal normal vector of the succesor curve along the Smarandache curve is a minimal 
developable ruled surface if the principal curve is planar. Conditions are given for other 
surfaces to be developable or minimal surfaces. 

Keywords: Smarandache ruled surfaces, Sucessor curve, mean curvature, Gaussian curva- 
ture. 
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1. INTRODUCTION 


The image of a function with two real variables in three-dimensional space is a surface. 
Surfaces are used in many fields, such as architecture and engineering [26]. In 1795, Monge 
defined the ruled surface as the surface formed by the movement of the line along the curve. 
Any ruled surface is formed as a result of the continuous movement of a line along any curve. 
These curves are called the base curve and the director curve, respectively. The curvature 
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of surfaces was defined by Gauss in the 19th century, and therefore it was named Gaussian 
curvature [19]. Gaussian curvatures are related to the dimensions of the surface [27]. Since 
the average curvature of the surface is a ratio, it is independent of the size of the surface. 
Thus far, many studies (6) [71 (8) (9) on the Gaussian curvatures of surfaces 
have been conducted. 

There are many special curves in differential geometry. One of them is the successor curve. 
This curve is defined as, there is a new curve, such that the tangent of one curve the principal 
normal of the other curve, by Menninger in 2014. Later, Masal investigated the 
relationships between the position vectors of this curve and defined Successor planes. Thus 
far, many studies have been conducted on this concept [5] [30]. Another special curve is the 
Smarandache curve defined in Minkowski space [2} [21] [28} [29]. 

In recent years, many studies have been carried out on ruled surfaces whose base curve is 
Smarandache curve. Some of these studies can be accessed from [4} [25]. 

In this paper, we present some special ruled surfaces with TN, B,-Smarandache curves 
obtained from their successor frames. We then investigate the properties of these ruled 
surfaces by means of Gaussian and mean curvatures. We obtain the conditions that which 
of these surfaces developable and which of these minimal. At the end, we visualise the main 


idea by providing four examples. 


2. PRELIMINARIES 


This section provides some basic notions needed to be the following sections. Throughout 
this paper, let a = a(s) and 6 = 8(s) be two differentiable unit speed curve in E? and their 
Frenet aparatus be {T, N, B,«,7} and {71, Ni, Bi, «1, 71}, respectively. Then, 


= B=TAN, k= a's f= N52). 


/ 
a 
N=—_ 
Ilo" 


T = «kN, N =-«T+7B, B’=—-tTN. 


The surface formed by a line moving depending on the parameter of a curve is called a ruled 
surface, and its parametric expression is X(s,v) = a(s) + vr(s). Here, v is a constant. 
Besides, a and r are referred to as the base curve and the director curve of X, respectively. 
The normal vector field Nx, the Gaussian curvature Kx, and the mean curvature Hx of 


X(s,v) are as follows: 


XANAX, 
ie =. 21 
x 1X5 A Xp| (21) 
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aa ie Eg —2fF +eG 
= ———_— — 2:2 
Kx= FG Re 9X > —~oqG@— Fy” 2) 
Here, 
L= (Mei Me) R= (X5,Xv), G= (Xp, Xv) , (2.3) 
ES (Xsei Nx), f = (Xsv, Nx) > I= (Xu Nx) : (2.4) 


Definition 2.1. [11] [14] Jf the unit tangent vector of a is the principal normal vector of 8, 


then GB is called Successor curve of a. 


Theorem 2.1. Let 8 be the Successor curve of a. Frenet apparatus of 3 curve is as 


follows: 
T, =-—cosON+sin0B, Ni, =T, By =sinON+cos@B, KK, =Kcosé, 7% = Ksind. 
where, 0 is the angle between binormal vectors B and By and 6(s) = 69 + { T(s)ds. 


Definition 2.2. A regular curve in Minkowski space, whose position vector is obtained 


by Frenet frame vectors on another regular curve, is called a Smarandache Curve. 


Let 6 be the Successor curve of a. It can be observed that the unit curve y, inspired in 
11], produces Smarandache curves, for all s € J C R, such that 


DON aes. 
+(s) = ec a,b,c ER. 
Var+h +c 


Here, if a, b, and c are nonzero the Smarandache curves produced by y(s) are denoted by 


{T N B}-Smarandache Curves. This paper consider {TN B}-Smarandache Curves. 


3. RULED SURFACES WITH 7)N;.B,-SMARANDACHE BASE CURVE OBTAINED FROM THE 


SUCCESSOR FRAME 


In this section, firstly we define some special ruled surfaces with TN; B,-Smarandache 
base curve obtained from the successor frame. Then we examine the properties of these 
ruled surfaces by means of Gaussian and mean curvatures. And we give the conditions of 


being developable or minimal surface. 


Definition 3.1. Let the successor curve of the a curve be 2. The ruled surface formed 
by targent vector T, the vector along the T\.N,B, Smarandache curve obtained from the T; 


targent vector, Ny principal normal vector and By binormal vector of the 8 curve as follows: 


®(s,v) = rita +Ny+ By) + vT\ 
(3.5) 


(T + (sin @ — cos@)N + (sin@ + cos @)B) + v(—cos@N + sin OB). 
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Theorem 3.1. Let the successor curve of the curve a be 8. The Gaussian and mean curva- 
ture of the ®(s,v) ruled surface are as follows: 

—3 cos? @ sin? 6(((1 + v3) cos 6 — sin #)? + sin? 6) 


Ko = T 
(sin? + ((1 + vvV3) cos 6 — sin 6)”) : 


p) 


V3nsin (2 cos? 6 — (((1 + vV3) cos 6 — sin0)” + 1)) — /3r(1 + vv3) 


Hg = : 
2«( sin? @ + ((1 + v3)? cos @ — sin )*) ? 


Proof. Partial derivatives of equation (3.5) are, 


®,= l(a + vV3) cos 9 — sin6)T +N), ®,=—cosON+sinOB, 5, = KcoséT, 
(«/((A + v3) cos — sin) — K? — K7((1 + vV3) sind + cos) ) T 
+(x! + K?(sin 6 — (1 — v3) cos))N + kB 

®., = » By =0 


V3 
Thus, from equation (2.1) the normal of the surface N@ is given as 
_ sindéT — sin @((1 + v3) cos 6 — sin@) N — cos 6((1 + vv) cos @ — sin 8) B 


& — T 
(sin? 4 + ((1 + vv3) cos 6 — sin 6)”) ‘ 


Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


K2 K cos 8 
Es = —(((1 3)cos@—sin@)?+1), Fe=- , Ge=1, 
ay ((( + vV3) cos sin@)* + yy b A b 
K? sin @(sin@ — (1 + vV3) cos 9 + 1) + Kr(1 + vv3) 

eo = T ; 

V3( sin? 6 + ((1 + vv3) cosé — sin#)”)* 

Kcos@ sin @ 

fo = 1? go = 90 


(sin? 6 + ((1+ vV3) cos 6 — sind)” ‘ 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


Corollary 3.1. Let the successor curve of the a curve be 8. If a@ curve is planar and 


06=an+kr (kEN), the ruled surface ®(s,v) is the minimal developable surface. 


Definition 3.2. Let the successor curve of the a curve be B. The ruled surface formed 
by principal normal normal vector N, along the T,N,B, Smarandache curve obtained from 


the T, targent vector, Ny principal normal vector and By binormal vector of the B curve as 
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follows: 
Q(s,v) = mite +N, + By) +N, 
(3.6) 


= wet (sin @ — cos 0)N + (sin + cos 0)B) + vT. 


Theorem 3.2. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 


ture of the Q(s,v) ruled surface are as follows: 


3 
Kg=0, Ho= var 
2K(1 + vV3) 
Proof. Partial derivatives of equation (3.6) are, 


Qs; = FF ((cos —sin0)T + (1+ vvV3)N), Qv =T, Qsv = KN Quy = 9, 


(x! (cos @ — sin 8) — Kr (cos @ + sin) — K?(1+ vV3))T + (2 (cos@ — sin 8) + «/(1 + vV3))N + 47(1+ 0V3)B 


Qss > 
V3 


Thus, from equation (2.1) the normal of the surface Ng is given as Ng = —B. Moreover, in 


equaitons (2.3) and (2.4) the coefficients of fundamental forms are 


2 
Eg= S ((cos@ — sin 8)” + (1 + 0v3)’), Fa = Tq (cos0 — sin 6), Ga =1, 


KT 
eo == 
* 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


(1+vv3), fo=9q =0. 


Corollary 3.2. Let the successor curve of the a curve be 8. If a curve is planar, the ruled 


surface Q(s,v) is the minimal developable surface. 


Definition 3.3. Let the successor curve of the a curve be 8. The ruled surface formed by 
binormal vector B, the vector along the T,N,B, Smarandache curve obtained from the T 


targent vector, Ny principal normal vector and B, binormal vector of the 6 curve as follows: 


M(s,v) = gg(Ti + Ni + Bi) + vB oo 
a7 


= q(T + (sin@ — cos @)N + (sin@ + cos0)B) + v(sind6N + cos @B). 
Theorem 3.3. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 
ture of the M(s,v) ruled surface are as follows: 
—3 sin? 6 cos? 0 
(cos? 9 + (cos@ — (1+ vv3) sin0)”) 
—/3K cos 0(2 sin? +(cos @ — (1 + v3) sin)? + 1) — V3r(1 + v3) 
5 : 


2r( cos? 9 + (cos@ — (1+ vv3) sin6))* 


Ku = 


Hy = 
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Proof. Partial derivatives of equation (3.7) are, 


v3 


M,y = —KsindT, My, = 0, 


M, = —s((cos0 — (1+ vV3)sin0)T +N), M, =sinON + cos6B, 


(/(cos @ — (1 + v3) sin @) — Kr(sin 6 + (1 — v3) cos 6) — K?)T 
+(x! + «(cos @ — (1 + v3) sin@))N + «7B 


V3 


Thus, from equation (2.1) the normal of the surface Nj, is given as 


cos @T — cos 6( cos @ — (1 + v3) sin@) N + sin @(cos 6 — (1+ vV3) sin 6) B 


Nu = 
(cos? 9 + (cos@ — (1+ vv3) sin 6)”) 


a 
2 


Moreover, equations (2.3) and (2.4) the coefficients of fundamental forms are 


2 in@ 
Ey = = (cos — (1+ vv3)sind)? +1), Pu = Gy =1, 
—KT(1+ vV3) — K? cos O((cos 6 — (1 + vV3) sin 8)? + 1) 
eM = 1 ’ 
V3( cos? 4 + (cos@ — (1+ vv3) sin )”) : 
—K sin ™ cos 8 
fu = » gm =0. 


(cos? 0 + (cos@ — (1+ vV3) sin6)”)* 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 
Corollary 3.3. If the? =a+kr (k EN), the ruled surface M(s,v) is a developable surface. 


Definition 3.4. Let the successor curve of the a curve be 8. The ruled surface formed by 
T,.N, the vector along the T,N,B, Smarandache curve obtained from the T, targent vector, 


N, principal normal vector and By, binormal vector of the 8 curve as follows: 


u(s,v) = wl +N, + Bi)+ aie + Nj) 
(3.8) 


= oT + (sin @ — cos6)N + (sin@ + cos@)B) + 43(T — cos@N + sin OB). 
Theorem 3.4. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 


ture of the y(s,v) ruled surface are as follows: 


K,= —6sin* 0 


(v2 + vvV3)? sin? 6+ ( — V2sin2 6+ (V2+ vvV3) cos @ sin 8) *(/2cos 4 sin 0 = (V2 + vv/3)(cos? O+ 1))’). 


(((v2+ vvV3) cos 6 — V2sin 6)” + (V2 + vvV3)2 — sin? @) 
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2V6xnsin? 6 — V6nsin O( (V2 + vv3) cos — V2sin8) ) - 2V6r(Vv2 + vv3) 
((v2 + vv3)? sin? @ + ((V2 + vV3) cos @sin @ — V2sin ) 


(V2 + vvV3) cos 6 sin @ — V2 cos? @)”) 
n(((v2 + v/3) cos 0 — V2sin 6)” + (V2 + vV3)? — sin? 0) 


Proof. Partial derivatives of equation are 
ie a (((v2 + vv3) cos@ — V2sin8)T + (V2 + vv3)N ), 


K 
sv = —=(coséT + N), 
lu Ja! ) 
ee Gi —cosON+sinOB), py = 0 
J2 
— 


(/2 + vvV3) 3)(K! cos 6 — KT sin 8 — 6?) — V2(x! sind + Kr cos 6) ) 
Uss = 


T 
(« 2((/2 + vV3) cos 6 — V2sin@) + (V2 + vv3)x!) N + (V2 + vv3)a7B 


V6 
Thus, from equation (2.1) the normal of the surface N,, is given as 


N= (V2 + vV3) sin OT 


(V2 + vV/3) cos @sin @ — /2sin 


)N = ((o/2 + vV3)(cos? 6 + 1) — 
((v2 + vv3) sin? 0 + ((V2 + vV3) cos sin 6 — V2sin? 0)? + ((/2 + vV3)(cos? 6 + 1) V2 cos 6 sin 6) ye 


V/2cos@sin 0)B 


3 = 
Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 
2 : 
Ey, = ~(((v2+ vvV3) cos @ — V2sin@)? + (V2 + vV3)”), F,= aon 


? G =1, 
V6 


Iu = 0, 


Qe (V2 + vV3) +k sin 6(((V2 + vV3) cosé — V2sin8) + (v2 + vv3)?) 
eu = 
V6((V2 + vV3)? sin? 6 + ((V2 + v3) cosO sind — V2sin ) 
fu = 


((V2 + vV3) cos 6 sin 6 — V2cos )”) 


NIF 


«sin? 6 
((v2 + vv3)? sin? 9 + (v2 2 + vV3) cos sin @ — /2sin? 6)? + 


= 
((V2 + vV3) cos 6 sin 8 — 2 cos? 0)”) ae 
respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found 


Corollary 3.4. If the0@ =k (k EN), the ruled surface u(s,v) is a developable surface 


Definition 3.5. Let the successor curve of the a curve be 8 


The ruled surface formed by 
T, B, the vector along the T,N,B, Smarandache curve obtained from the T, targent vector. 


N, principal normal vector and By, binormal vector of the 8 curve as follows 


w(s,v) = ain + Mi + Bi) + va (Ti + Bi) 
— wT + (sin@ — cos@)N + (sin@ + cos @)B) 


(3.9) 
a ((sin@ — cos@)N + (sin @ + cos @) B) 


NIK 
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Theorem 3.5. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 


ture of the w(s,v) ruled surface are as follows: 


—6(cos? 9 — sin? 6)? 


Ky = | 
, (2(sin + cos 0)? + (/2 + vV3)?((sin? 6 — cos? 6)? + (sin 20 — )?)), 
(1 — sin 20) ((V2 + v3)? — 1) + 2) 
3x(sin 6 + cos 4) ((V2 + vV3)?(sin 20 — 1) + 2(sin @ — cos @)? — 2) 
—37(V2 + vV3) 
Hy = 


NI 


V6(2(sin 4 + cos 0)? + (/2 + v3)? ((sin? 6 — cos? 8)? + (sin 20 — 1)).) 
(1 — sin 20) ((V2 + vV3)? — 1) +2) 


Proof. Partial derivatives of equation (3.8) are, 


iy = vel (v2 + vV3)(cos @ — sin 0)T + V2N), Vag yo — sin d)T, 
i 4. 7 
= pe —cos@)N + (sin6+cos@)B, wy = 0, 
(((v2 + vV3)(k! (cos @ — sin @) — K7(sin 8 + cos @)) — V2K?)T 
r +(v2x! + 6? (/2 + vvV/3)(cos 0 — sin 6))N + /2«7rB 


V6 
Thus, from equation (2.1) the normal of the surface Ny is given as 


V2(sin 6 + cos @)T + (/2 + vV3)(sin? 6 — cos? 0)N + (/2 + vV/3)(sin 26 — 1)B 


Ny = i 
(2(sin 9 + cos 6)? + (V2 + vV3)?((sin? 6 — cos? 0)? + (sin 20 — 1))) ° 


Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


bo 


Ey = = ((v2+ vvV3)2(1 — sin 20) + 2. y= alin =<cost), Go=l, 
KT (4 — 2uV/6) + «(sin + cos) (2 + (V2 + vV3)?(1 — sin 26)) 
Cy = cs 
V6(2(sin 4 + cos 0)? + (/2 + vv)? ((sin? 6 — cos? 6)? + (sin 20 — 1)?)) : 
a —K(cos? 9 — sin? 0) est 


(2(sino + cos 6)? + (2+ vvV3)? ((sin? 6 — cos? 6)? + (sin 26 — 1))) 2 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


Corollary 3.5. If the 0 = 7+ ke (k € Z), the ruled surface w(s,v) is a developable surface. 
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Definition 3.6. Let the successor curve of the a curve be 8. The ruled surface formed by 
N, By, the vector along the T,;N,B, Smarandache curve obtained from the T; targent vector, 


N, principal normal vector and B, binormal vector of the 8 curve as follows: 


n(s,v) = wT +N, +B) + va (M1 + By) 


(3.10) 


= aT + (sin 8 — cos#)N + (sin@ + cos@)B) + 4(T + sin@N + cos OB). 


Theorem 3.6. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 
ture of the n(s,v) ruled surface are as follows: 
—6 cos* 6 
((v2 + vv/3) cos 0)” = (V2 cos? 6 — (/2 + vV3) sin @ cos 0)” 
+(vV/2cos 0 sin 6 — (2 + vV3)(sin? 6 + iy 
((v2cos 0 — (f/2 + v3) sin)” + (/2 + vV/3)? — cos? 0) 


K,= 


' 67 (V2 + v3)? + 34: cos 6( (v2 + vv)? + (V2cos 0 — (V2 + vv3) sin 0)” — 2cos* 6) 


i 
2 


((v/2 + vv3) cos 0)” — (V2 cos? 6 — (V2 + vv3) sin @ cos)” 
+(V2cos 6 sin 0 — (/2 + vV3)(sin? 6 + 1)) 
((v2cos 0 — (/2 + vV3) sin 0)” + (/2 + vV/3)? — cos? 6) 


V6K 


Proof. Partial derivatives of equation (3.10) are, 


GS Sq ((V2 e088 — (V2+ vvV3) sin 0)T + (V2+0v3)N), i — a cal N), 


1 
ty = 5(T + sin ON +cosOB), tw =0, 


('(v2cos0 — (V2 + v3) sin 6) — K7((V2 + vV3) cos 8 + V2sin 8) — K?(/2 + vy3))T 
+(x!(v2+ vV3) + K?(V2cos 6 — (V2 + vV3) sin )).N + «7(V2 + 0V3)B 


V6 


Nes = 


Thus, from equation (2.1) the normal of the surface N,, is given as 


(2+ vvV3) cos 0)T — (/2 cos? 0 — (2 + vV3) sin 8 cos 0)N 
+(V/2cos Osin 6 — (V2 + vV3)(sin? 6 + 1))B 
p= i 


(v2 + vV3) cos 0)” + (V2 cos? 6 — (2+ vV3) sin 6 cos 9)” 
+(vV/2cos 0 sin 6 — (V2 + vV3)(sin? 6 + 1H) 
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Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


Ey, = © ((v2cos8— (V2 + vv3) sin 6)” + (v2 + vv3)?), Fy, = aa Gy = 1, 


—2K7 (V2 + v3)? — K? cos (v2 + vv)? + (V2cos0 — (V2 + vv) sin 6)”) 


ey = . 
J (V2 + vv) cos 0)? + (V2 cos? 6 — (\/2 + vV3) sin 8 cos 0)” 
+(V/2cos 6 sin — (2 + vv) (sin? 6 + 1))’ 
—K cos? 6 
tn = > In= 0 


((V2 + vV3) cos 6)? + (20s? 4 — (V2 + vV3) sind cos 8)” 
+(V2cos 0 sin 9 — (2 + vV3)(sin? @ + 1))? 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


Corollary 3.6. If the =5+kn (k EN), the ruled surface n(s,v) is a minimal developable 


surface. 


Definition 3.7. Let 8 be the Successor curve of a. The ruled surface formed by TN, By, 
the vector along the T,.N,B, Smarandache curve obtained from the T, targent vector, Ny 


principal normal vector and B, binormal vector of the B curve as follows: 
I(s,v) = y(t +N, + By) + wlth +N, +B,) 


= ale + (sin @ — cos 6)N + (sin@ + cos 6)B) + a(P + (sin @ — cos @)N + (sin @ + cos 0) B) 

(3.11) 
Theorem 3.7. Let 2 be the Successor curve of a. The Gaussian and mean curvature of the 
I'(s,v) ruled surface are as follows: 


V3r + V3«((sin @ + cos 6)(sin 6 — cos @) cos 20 
2K(1 + v)(2 — sin 20)V/2 + sin 20 


Proof. Partial derivatives of equation (3.11) are, 


Kp=0, Hr= 


1 
T, = oon ((cos 4 —sin@)T +N), ‘en = (cos 8 - sin9)T + N), 
1 
lr, = —(T + (sin@ — cos 6)N + (sind + cos0)B), Tw =0, 


V3 

(1+ v)(x’ (cos @ — sin @) — K7(sin 8 + cos 6) — K?)T + (kK! + (sin — cos6))N + «7B 
V3 

Thus, from equation (2.1) the normal of the surface Np is given as 


(sin 6 + cos 0@)T — cos 20.N + sin 20B 
V2 + sin 20 


T'ss = 


Np = 
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Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


201 2(2 — sin 26 
mp = SE sin ) ob, Csi, 


KT(1+1v) + «(1 + v)((sin6 + cos 4) (cos 6 — sin @) cos 26) 
ep = ’ 
V6+4+ V3sin 26 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. O 


r=0, gr=0 


Example 3.1. Let 8 Salkowski curve be the Successor curve of a. The equation of this 


curve form = ; is as follows: 


B(s) = as ~ oss (sina?) s) hors (Sin(“5")) 5 sins, 
V10 SA40-1 ( cos(18+2)5) + 240-4 ( cos(49-2)s) + 5 COS s, 3 cos(5) 


The Successor frames of 3 curve {T,,.Ni, Bi} are as follows: 


T\(s) = ( — COS $ COS an Fi sin s sin ia) — sin scos 75 + Fis cos § sin Tio? Tt sin qa : 


By(s) = ( —cos ssin i a Tis sin s cos am — sin scos [5 + Fi COS S COS aT 0 cos a ) 


The graphs of the ruled surfaces obtained from these frames for s € |[—1,7] and v € [—1,1] 


are shown figures {1} (4 


FIGURE 1. The ruled surface ®(s,v) = (Th +N, + By) +v0T, 
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FIGURE 2. The ruled surface Q(s,v) = ah +N, + Bi) +uM 


LS 


FicuRE 3. The ruled surface M(s,v) = 73(T1 + Ni + Bi) + Bi 
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iS. 45 I 


FicurE 4. The ruled surface p(s,v) = weital +N, + By) + T, +1) 


ah 
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FicurE 6. The ruled surface 7/(s, v)45(Ti +N, + Bi)+ (M1 + By) 


FIGURE 7. The ruled 
surface I(s, v) = ALT; +N, + B,) + (Ti + Ny + By) 


v3 v3 
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Example 3.2. Let the Salkowski curve in Example be the main curve. From and 
Theorem|2. 1] the Successor frames are as follows: 


— cos ( [ tan Feds) (F sin s) { sin ( f tan Z,ds) ( — cos ssin 55, - Fa sin s cos Sa): 
Ti(s) = cos ( f tansinds) (Fa cos s) sin ( f tan s55ds) (—sinssin aa + Jip C08 § COs Fa): , 


cos ( [ tan ods) He + sin ( f tan ods) (F, cos Fa) 


8 di < : 8 3 . 8 
Vio + Vio IB SSIN TH+ Fz SID Fp i, 


Ni(s) = ( — COS S COS 10 - Tyo Sins sin Vio ~ Sin s cos 


sin ( f tan 55ds) (sz sins) cos ( f tan = ds) ( cos s sin = + Fz sin scos = ), 


V10 V10 V10 
Bi(s) = —sin (f tan Fi 48) Aa cos s) cos ( f tan ods) (sin s sin To - Fa COS $ COS aa 


( 
( 


—sin Jf tangs) Fy + cos ( f tan yds) (Fy cos Fi) 


The graphs of the ruled surfaces obtained from these frames for s € |[—1,7] and v € [—1,1] 


are shown figures |} 14; 


FIGURE 8. The ruled surface ®(s,v) = (Th +N, + B,)+vT; 
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FicurE 9. The ruled surface Q(s,v) = Ai (Ty, + Ni + By) + uN, 


al 


FicureE 10. The ruled surface M(s,v) = (Th +Ni+Bi)+vBy 
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FIGuRE 11. The ruled surface pu(s,v) = (Th +N, + Bi) + wpAee +N) 


FIGURE 12. The ruled surface ~(s,v) = (7, + Ni + By) + 4(T% + Bi) 


3 V2 
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FIGURE 14. The ruled 


surface ['(s,v) = q(T +N, + By) + yah +N, + Bj) 
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Example 3.3. Let 8* anti Salkowski curve be the Successor curve of a. The equation 


of this curve form = 7 is as follows: 


ayo — 570 van 8S + cos( A, )s )) + § sin ssin 758, 
2 — aan (Fn sin + cos(5)s s)) + 2 cos s sin To vi (ass sin(5)5) 


The Successor frames of B* curve {T{, Nj, BY} are as follows: 


Ti (s) 


II 


; 7 8 3 8 
( cos ssin ati + Fa sin s cos vid? sin s sin Vio Fs cos S COS Tio? Vio cos Vio ) ) 


* 
By (s) — — cos s cos — sin s sin — sin s cos a cos s sin 
VIO Tia Yio’ Yio Tis 


3 : s 
Yio’ Vio" Fro ). 


The graphs of the ruled surfaces obtained from these frames for s € |[—1,7] and v € [—1,1] 


are shown figure {15421}; 


FIGuRE 15. The ruled surface ®(s,v) = rite +N, + By) +vT, 
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FIGuRE 16. The ruled surface Q(s,v) = (Th +N, + Bi) +N, 


FIGURE 17. The ruled surface M(s,v) = rite +N, + Bi)+vBy 


INT. J. MAPS MATH. (2024) 7(2):179-206 / RULED SURFACES WITH 7,N,B1- SUCCESSOR... 
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— 0.6 


—0.8 


eh Ss 6a Os 


FIGURE 18. The ruled surface pu(s,v) = (Th +N, + Bi) + yal +N) 


FIGURE 19. The ruled surface ~(s,v) = (Th +N,+B,)+ -%(T% + Bi) 
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FIGURE 20. The ruled surface n(s,v) J (Ti +N, + By) + aM + By) 


FIGURE 21. The ruled 
surface I'(s,v) = &(T, +N, + Bi) + 4(%, +N + By) 


v3 v3 
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Example 3.4. Let the Salkowski curve in Example be the main curve. From and 


Theorem|2. | the Successor frames are as follows: 


cos(s 4 MG sins) + sin(s + c)(— cos s cos o vi sin s sin a) 
(= cos(s + UA cos s) + sin(s + c)( — sins cos i + a COs s sin Jip) ; 


—cos(s + OF +sin(s 4 (ap sin Fa) 


— cos ssin sin s Cos ,— sin ssin aa COS § COS 


3 
Ni(s) = 10 + Ti v0 10 ar v10’ 
——2- cos 
v10 Yi 
sin(s + (a5 sin s) + cos(s + c)(— cos s cos oa vi sin s sin Sia) 
By(s) =] sin(s + MAG cos s) + cos(s + c)( — cos s cos wa Tio sin ssin Ta) 
sin(s + Orr + cos(s + (Fp sin Fa) 


The graphs of the ruled surfaces obtained from these frames for s € [—1,7] and v € [—1,1] 


are shown figures {22428} ; 


FIGURE 22. The ruled surface ®(s,v) = 


wlth + Ny; + By) +vT 
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FIGURE 23. The ruled surface Q(s,v) = 3 (Th +N, + By) +uM, 


FiGuRE 24. The ruled surface M(s,v) = (Th +N, + Bi)+vBy 
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FIGURE 25. The ruled surface pu(s,v) = (Th +N,+Bi,)+%(% + ™) 


FIGURE 26. The ruled surface ~(s,v) = (Th +N, + Bi) + yall + By) 
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FIGURE 27. The ruled surface 7(s, v)75(Ti +N, + By) + 


FIGURE 28. The ruled 
surface I'(s,v) = &(T, +N, + Bi) + 4(%, + Ni + By) 


v3 v3 


ne 


V2 


1.5 


(Ni + By) 
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4. CONCLUSION 


This study defined ruled surfaces which one their base curve are T;.N;B,-Smarandache 


curve. There base curves targent vector, normal vector and binormal vector is successor 


curves Frenet aparatus. The Gaussian and mean curvatures of the surfaces were obatined 


using the coefficients of the first and the second fundamental forms. The conditions for the 


surfaces to be developable and minimal were given. These surfaces were drawn. This paper 


can be studied in Euclidean, Lorentz and dual space. New ruled surfaces can be defined and 


similar work can be done, by changing the base curve. Also, the singularity of surfaces can 


be 


10 


11 


12 


examined. 
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1. INTRODUCTION 


Projective invariants and projective-permutation invariants have an important role in com- 
puter vision for recognition of shapes (see books |6}{13} {14} [17] [18] and papers [2} {4} {5} [7] (8) [L0} 
). The projectively invariant descriptors of objects in the object recognition problems 
can be computed from relations between points, lines and conics that are coplanar on object 
surfaces in 3D. (see [4]). By [i} Corollary 6.1.4] and [6} Lemma 5.8.2], the cross-ratio is a 
complete system of projective invariants of a regular point shape of size 4. The volume cross 
ratios of points and theirs invariants in the projective space are introduced in Section 
27]. 

An extension of the cross-ratio (an harmonic ratio) to n-space is given in the paper [2]. In 
the paper Burns, Weiss and Riseman [3], it is proved that there is no a non-trivial function 


that is view-invariant for all possible (non-degenerate) 3D point sets of size n for any n. The 
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non-existence of such a general-case view invariant is shown for the true perspective, weak 
perspective and orthographic models. Moreover, complete classifications of joint invariants 
of points for the groups in the Euclidean,affine and projective spaces are given in [15}. 

Let n,m be natural numbers such that n < m. In the present paper, we give a definition 
of a regular nD point set of size m and obtain a complete system of projective invariants 
for the system of all regular nD point sets of size m. We investigate fundamental relations 
between elements of the complete system of projective invariants. Similar results have ob- 
tained for the complete system of invariants under simultaneous projective and permutation 


?_invariants, for short) of a 2D and 3D point set of size m. The problem 


transformations (p 
on complete systems of p?-invariants of a nD point set of size m in computer vision is con- 
sidered in papers ({5} [7] {12} (21) [22]). This problem investigated also in projective geometry, 
algebraic geometry (theory of hyperelliptic curves) and the invariant theory of binary forms 
(see [25]). 

Our paper is organized as follows. In section 2, we give the definition of a regular nD 
point of size m and obtain the complete system of projectively invariants for the system of 
all regular nD points of size m (Theorem 1). We describe the system of fundamental relations 
between elements of the complete system of projectively invariants (Theorem 2). We prove 
that the complete system is a minimal complete system of projectively invariants. In section 


3, we obtain the complete system of p?-invariants for the system of all regular nD points of 


size m (Theorem 3). 


2. PROJECTIVELY INVARIANTS OF A POINT SHAPE AND THEIR COMPLETE AND THE 


MINIMAL COMPLETE SYSTEMS 


Let R be the field of real numbers, n and m are natural numbers, n > 2,m >n+41. The 
general linear group GL(n,R) is the set n x n invertible matrices with elements in R. The 
special linear group SL(n,R) is the set n x n matrices with determinant 1. R, be a group 
with respect to the multiplication in R. Let (R,)’" be the m time direct product of the group 
R,. We denote the direct product of groups (R.)' and GL(n,R) by P(m,n). Let (R")™ be 
the m time direct sum of the n-dimensional real linear space R”. We define an action W of the 
group P(m,n) on the space (R”)™ by the following: for g = ((r1,72,---,1%m),g) € P(m,n), 
r; €R,g € GL(n,R), and X = (#1, 22,...,%m) € (R”)™, we put 


U(q,X) = ((r1, 72, tee Tm) 9)s>*) = (r19%1, T2922, tee »Tmgtm). 
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The following definitions 1-5 and proposition 2 are known in the literature. (See some 


papers ([9} [19], p.11] ). Proposition 1 is given in [18]. 


Definition 2.1. Let T,Q © (R")™. If there exists q € P(m,n) such that Q = V(q,T), 
then the elements T and Q are called P(m,n)-equivalent, a relationship which is written 


symbolically in this paper as T ee Q. 


Definition 2.2. A real rational function f (#1, 12,...,2,%) of elements X = (x1, %2,...,L%m) € 


(R")™ is called projectively invariant if 


for allq € P(m,n). 


Definition 2.3. A set M C (R")™ is P(m,n)-invariant if U(q, X) € M for all X © M and 
for all gq € P(m,n). 


Definition 2.4. Let M be a P(m,n)-invariant subset of (R")™. Let fi : M —> R for 
i=1,2,...,k be the projectively invariant rational functions. 
A system {f1, fo,..-, fx} of is called a complete system of P(m,n)-invariants on the set 


M FAT) = AO) for als €11,2,...58) and for OEM my PO” @. 


Proposition 2.1. Let M be a P(m,n)-invariant set of (R")™. Then every projectively 


invariant rational function on M if a function of the system {f1, fo,..., frt- 


Definition 2.5. A complete system of projectively invariant rational functions 
W = {fi, fo,---, fe} is called a minimal complete system of projectively invariant rational 


functions if W \ {f;} 1s not complete for any i € {1,2,...,k}. 


Proposition 2.2. W = {fi, fo,..., fx} is a minimal complete system iff f; is not function 


of the subsystem. { fis fa,<0+ 5) Feats Figs ig dea} for Gl 4 = 1,2,2..4k: 


Let [x 272 --- Xp] be the determinant of vectors 71, %2,--- , Zp € R”. Assume that x1, 22,--- , 
Ln, In41,2n42 € R” vectors such that [xjx2---¢p_12,] # O for alli = njn+1,n+2 and 
[v2%3--+%nx;] A 0 for j = n+1,n+2. Consider the following cross-invariant of vectors 
%1,2,°°* 5 En, In41,%n+2 € R”: 


[7129 ee Ly Ay] [roxr3 ee Ln Enso] 
[e122 +++ Sn—1%n+42] [L273 +++ In In41] 


We denote it by (212293 +++ Ln%n412n42). It is known that it is projectively invariant. 
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Definition 2.6. X = (21, %2,...,%m) € (R")™ is called regular if |%p,Xpy +++ Lp,_;Lp,| AO 


for all natural numbers p1,p2,.--,Pn such that 1 < py < po <+++<pn<m. 


yn) 


P 
If X = (x1, 22,...,2L2m) is regular, from X _ Y, we have Y = (y1, y2,---, Ym) € (R”)™ 
Hence Y = (y1,Y2,---,;Ym) is also regular. Hence the set of all regular elements is a 
P(m,n)-invariant subset of (IR). 


The cross-ratio obtained from (11 2%2%3 +++ %p%n41%n+2) by transposition of elements x; and 


xj, where 1 < j < n—1, will be denoted by T; (11x23 +++ @p%n41%n42). Thus 
T; (11 @2X3 ae ee Be Sigil Pea) = (xj02%3 a ee Cnty titnt2) 


for all j = 1,2,...,n—1. 
TEX = (61, 95.5. , 0m) 1s regular, then Tj @ivers 1.0, Fyi1enio) ~ 0 and 


TAD Gots i. Py Tn awnso) FOO forall y = 15.2)... 70— 1. 


Theorem 2.1. Regular elements X = (x1,22,...,2%m),Y = (Y1,Ya,--+;Ym) € (R2)™ are 
P(m,n)-equivalent if and only if 

Tj (£12223... 2n—12nXn41L~) = Tj (yr y2ds --. Yn—1YnYn41Yk) (2.1) 
for all j =1,2,...n—1 and for allk =n+2,...,m. 
Proof. Since the function (17121223 +++ %pj2%n41Lp) is projectively invariant, P(m,n)-equivalence 


of X = (x1, @2,...,%m) and Y = (yi, y2,---,Ym) implies (2.1). Prove the converse assertion. 


Assume that (2.1) holds. We consider vectors e1, €2,.--,€n,€n41 € R", where 
e1 = (1,0,0,...,0),e2 = (0,1,0,...,0),..-en = (0,0,...,1), engi = (1,1,...,1). 


By the fundamental theorem of projective geometry ({I] p.97]), elements g € GL(n,R) and 
11,72,---3Tns Tnt1 © Ry exist such that rjgx; = e;,i = 1,2,...n,n+1. Similarly, elements 


h € GL(n,R) and qi, q2,---;4n; Qn¢1 € R« exist such that qhy; = e;,1 = 1,2,...,n,n4+1. 


Since the function (#12273 ...2%p-1%nIn41LpK) iS projectively invariant, we have 


((rigxi)(ragra) +++ (Tngtn)(Tn419En41)(9eE)) = (€1€2° ++ Cn€n4i(9Le)) = (172° + LnXn41L~) = 
(y1Y2°**Yn¥n+iYe) = (arhy1)(a2hy2) +++ (Qnhyn)(Qn+1hyn+i)(hyn)) = (€1€2 +++ €nen41(hye)) 


for all k =n+2,...m. Hence (e1€2--- €nen+i(gtR)) = (€1€2°°* €n€nt4i(hy,)). Similarly, we 


obtain 


T; (e1€2€3° ++ €n—1€nen+1(gtK)) = Tj (€1€2€3 ° + * €n—1€nen4i(hyx)) (2.2) 
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for all 7 = 1,2,...n—1 and for alk =n+2,...,m. 

Let gx, = (Aix, Gox,--- nk); hyn = (biz, box, --- Ong), K = n+2...,m. Using regularity of 
MGT 152 << pO intl; Gln ta526<5 Em) ANd (GinYty< 2G hynds; Wnee; «<>; hp, ); We Obtam 
[eyéa.:.€19%"| = Gay ~ O and [eves ..6, 1944) = bay #0 for all R= 2+ 2,...m. Wis 


easy to see that 


Aik 
T; (e1€2€3 °** €n—1€n€n+1(g@k)) = on (2.3) 
nN 
and 
bj 
T; (e1€2€3 --- €n—1€n€n41(9Yz)) = ba (2.4) 
nT 


for all 7 = 1,2,...n—1 and for alk =n+2,...,m. 


Equations (2.2), (2.3) and (2.4] imply ot = pit for all j = 1,2,...n-—1;k = n+ 


2,...m. Put djp = ai = pit for all 7 = 1,2,...n-—1;k = n+2,...m. Then ga, = 
Ank (dip, dar, 2225 dn—1ks 1) and hy, = bre (diz, dor; 2.25 An—1ks 1) for all k =n+2,...m. 
This means that 


P(m,n) 
(Gi Bpiers Opp Eppa err tO le) OS Leip Bay cep Orie Ul pag io. 4 Ope 


. P(m,n) 
eine (Pi Poet A Peis peer) Nest O40 ao, i 
P(m,n) 
(ty 60, «. <GnyCntieGindoe<1Gim) ~~ (et, Cay. «ven eas pie ~e<g hum) and 
P(m,n) . 
(€1, €2,-++€n; €n41; hYn42,---,hYm) te (Ys Y2s + Yrs Yntds Ynt2y +++ Ym); we obtain 
P(mn 
a Py 


Remark 2.1. Theorem|2.1) means that the system of projectively invariants 
TAD G03 ix 2p Oe AER) 5 (2.5) 


for all 7 = 1,2,...n—1 and for allk = n+ 2,...m is a complete system of projectively 


invariants on the set of all regular elements of (R")™. 


Corollary 2.1. Every projectively invariant function f(x1,%2,...,L%m) on the set of all reg- 


ular elements X = (#1,%2,...,%m) € (R")™ is a function of elements of the system (2.5) 


Proof. It follows from ({20, Theorem 1 and 1.1)). 


Now we find all fundamental relations between elements of the complete system (2.5) If 


X = (£1,22,..-,L2m) € (R”)™ is regular, then 
DA PGo0s 1... Dy AS aie) FY (2.6) 


for all 7 = 1,2,...n—1 and for alk =n+2,...m. 
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Theorem 2.2. Let {cjx,j =1,2,...n—1j;k=n+2,...,m} be a system of real numbers 
such that cj, # 0 for all j = 1,2,...n—1;k =n+2,...,m. Then a regular element 


X = (%1,22,...,L2m) € (R")™ exists such that 
Ly Wotan iE) = Czy (2.7) 
for all j =1,2,...n—1 and for allk =n+2,...m 


Proof. Let e1, €2,.--,@€n;€n41 € R” be vectors in Theorem (2.1). Consider the element X = 
(21509, ..+4 ny Bndd,++-2m) € (R™)™, where 

= €) = 11, 00. 2.5 0) = ee (01 0a Oc caa tye = ey = (000. Daa, = 
€n4i = (1,1,1,...,1), oe = (C1k, Cok, ---,Cn—1k, 1) for all Kk =n+2,...m. It is easy to see 


that (2.7) hold for X. Since cj, 4 0 for all 7 = 1,2,...n—1;k=n+2,...,m, (2.7) implies 


that X is regular. 


Corollary 2.2. The system (2.5) is a system of functionally independent projectively invari- 


ants on the set of of all regular elements X = (%1,%2,...,%m) € (R")™”. 


Proof. It follows from Theorem [2.2 


Corollary 2.3. The system (2.5) is a minimal complete system of projectively invariants on 


the set of of all regular elements X = (#1,%2,...,2m) € (R")™. 


Proof. It follows from Proposition [2.1] and Corollary [2.2] 


3. PROJECTIVE-PERMUTATION INVARIANTS OF A POINT SHAPE 


Let S(n,m) be the group of all permutations of the numbers n + 2,n + 3,...,m and 
P(m,n) x S(n,m) is a direct product of groups P(m,n) and S(n,m). We define an action 3 
of the group P(m, n) x S(n,m) on the space (R”)”™ as follows: for g = ((r1,72,---,%);9,h) € 
P(m,n) x S(n,m), X = (x1, 22,...,2m) € (R")™, h € S(n,m), 


D2 cee TD oR 2 m 
he (3.8) 
12 ... n+1 h(n+2)... h(m) 
we put B(q,X) = (iy ve oT) 03 h),X) = (rig@p(1);T29TA(2)> mae TmGLh(m))s where h(j) =j 


for 7 =1,2,...,n+1. 


Definition 3.1. Elements A, B € (IR")™ is called P(m,n) x S(n,m)-equivalent if there exists 


(m,n) x S(n,m) 


q€ P(m,n) x S(n,m) such that B = B(q, A). In this case, we write A pve Bi, 
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Definition 3.2. A rational function f(x11,...,%m) of X = (1,...,2%m) € (R”)™ is called 
P(m,n) x S(n,m)-invariant if f(a(q, X)) = f(X) for all g € P(m,n) x S(n,m). 

Pot 9 =1,2).0s0= k= 042,30, we pul Typ X | = Ty tas cy Pease) > WE 
denote the algebra of polynomials of all T;,(X) by A(n,m). Let {z; : 7 =1,2,...n—1} be 


independent variables. We consider the following function 


m—n-1 n—-1 
II (: sf 3 m2. ao » Urpra.tn1(X)2q 297 + Sy y + — (3.9) 


150 ri<m—n-1 


It is obvious that every function U;,;5..7,_,(X) is P(m,n) x S(n,m)-invariant. 


Theorem 3.1. Regular elements X = (21,%2,.--;%m),Y = (yi, Y2,---;Ym) € (R")™ are 


P(m,n) x S(n,m)-equivalent if and only if 
Ory rg.tn—1(X) = a ee (3.10) 
forl< yo Ts <m—n-1. 


Proof. Since Upsr5...r,_,(X) is P(m,n) x S(n, m)-invariant, P(m,n) x S(n,m)-equivalence of 
X = (x1, %2,...,%m) and Y = (y1,y2,---, Ym) implies (3.10). Prove the converse assertion. 


Assume that (3.10) holds. Then (3.9) and (3.10) imply the equation 
m—n—1 n—-1 m—n—-1 n 
II @+ 
k=1 


= 
T(X)a)= [[ G+S°%(Y)x). (3.11) 
1 k=1 i=1 
By the theorem on the unique factorization in the algebra A(n,m) (see [24| p.91-94]), a 


i= i= 


permutation (3.8) exists such that 


n-1 n—-1 
S > Th(X) ai = SOY) zi 
1 tL 


for alk =n+2,...,m. 
This equality implies 
Tj (12203... Ln—-12nTn41K) = T; (yi yous -Yn—1YnYn+1Yn(k)) ’ 
j=1,2,...n-1;k=n4+2,...,m. 
By Theorem 1, these equalities imply P(m, n)-equivalence of elements X = (x1, 2%2,...,%m)and 


hY = (Yaa), Yr(2)>--->Ya(m)), Where h(j) = j for j = 1,2,...... ,n+1. This means 


P(m,n) x S(n,m)-equivalence of elements X = (21, 2%2,...,%m) and Y = (y1, y2,---,Ym)- 


214 D. KHADJIEV AND I. OREN 


Let S(m) be the group of all permutations of the numbers 1, 2,...,m and P(m,n) x $(m) is 
a direct product of groups P(m,n) and S(m). We define an action 8 of the group P(m,n) x 
S(m) on the space (R”)™ as follows: for g = ((r1,7T2,..-,1%m),g,h) € P(m,n) x S(m), 


X = (£1, 22,.--,Lm) € (R")™, where 
ne an (3.12) 


we put 
Bq, X) > ((r1, 72, a5 Tm)s 9) h),X) = (rigta1); T29TH(2).+++ ,TmGLh(m))- 


Definition 3.3. Elements A, B € (R")™ is called P(m,n) x S(m)-equivalent if there exists 


q € P(m,n) x S(m) such that B = B(q, A). In this case, we write A pe 


Definition 3.4. A rational function f(#1,22,...,%m) of elements X = (#1,%2,...,%m) € 


(R")™ ts called P(m,n) x S(m)-invariant if f(a(q, X)) = f(X) for all q € P(m,n) x S(m). 


Definition 3.5. X = (a1, 22,...,%m) € (R”)™ is called strongly regular if |%p, py +++ Lp,| AO 


for all natural numbers p1,p2,-..-,Pn such that 1 < py < po <+++<pyn<m. 


P(m,n) Y 


If X = (21, X2,...,%m) is strongly regular, Y = (yi, y2,.--, Ym) € (R”)™ and X 
then Y = (y1,Y2,---;Ym) is also strongly regular. Hence the set of all strongly regular 
elements is a P(m,n)-invariant subset in (R")™. 

For 9 = 1,2) ek Ha 2 my We Put TX). = Ty oa ss Erna Pe) 
where X = (1, %2,...,%m). We denote by Anm the algebra of real polynomials of Tj, (X); 7 = 
12 nea lkh Sate). m. Lett and {2%|7 = 1,2;.290— 1 k= w+ 2.2.70} be indepen- 
dent variables. We consider the following function 

m  n-1 
H fe- 3: Snatnexnean), 
heS(m) k=n+2 i=1 


We define the polynomials U>175...rm—»-1(X) € Anm by the following equality 


m n-1 
I | » Trane) = (3.13) 
) 


heS(m k=n+2 i=1 
m!—1 m 
! lam!—l ln— 
ie Ne Cale +S Urn(X)> [Thai ae): 
a ee Oe r=) a 
where m! =1-2-...-mandi=1,...,n—1;j =1,...,m—n-—1. It is obvious that every 


function U,,,(X) is P(m,n) x S(m)-invariant. 
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Theorem 3.2. Strongly regular elements X = (%1,%2,---,L%m),Y = (Yi, Y2,--+;Ym) € (R”)™” 


are P(m,n) x S(m)-equivalent if and only if 


Cita) (3.14) 


L<rtro: + +trmn-1<m-—n-1ti=1,...,.n-hj=1,...,m—-—n-1. 


ty 


Proof. A proof is similar to the proof of Theorem |3.1 


Acknowledgments. The authors would like to thank the referee for some useful com- 
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RICCI-YAMABE SOLITONS ON THE LIE GROUP H2,xR 


MURAT ALTUNBAS ‘ 


ABSTRACT. In this paper, we study Ricci-Yamabe and gradient Yamabe solitons on the Lie 
group H2 x R with a left-invariant metric. We prove that the kind of the Ricci-Yamabe 
soliton is only related with one variable existing in the definition. 

Keywords: H2 x R Lie group, Ricci-Yamabe soliton, gradient Ricci-Yamabe soliton. 
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1. INTRODUCTION 


Homogenous geometries play crucial role in the theory of manifolds. Their importance 
come from the well-known Thurston conjecture. This conjecture says that every com- 
pact orientable 3-dimensional manifold has a canonical decomposition into parts, each of 
which involves a canonical geometric structure from among the eight maximal simple con- 
nected homogenous Riemannian three-dimensional geometries [8]. These model spaces are 
E’, H?, §°, S2xR, Nil, SDR, Sol and Hz x R. In this paper, we deal with the latter 
one. 

The geometry of different types of solitons on manifolds has been the focus of attention 
of many mathematicians during the last years (see for examples [1],[2],[3]). Yamabe flow 
was introduced by Hamilton and Yamabe solitons are special solutions of the Yamabe flow, 
[5]. Given an n(n > 2), dimensional Riemannian manifold (M,g) such that {g(t)} is the 


1-parameter family of metrics and r(t) is its scalar curvature. In this case, the equation of 
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Yamabe flow is defined by 


g(t) 


oS —r(t)g(t). 


Similarly, the equation of Ricci flow is given by 


oat) = —2Ric(t)g(t), 


where Ric(t) is the Ricci tensor [6]. In 2019, scalar combination of the Yamabe and Ricci 


flow was introduced by Giiler and Crasmareanu as follows: 


att) = Bor(t)g(t) — 2; Ric(t)g(t). 


This equation is known as Ricci-Yamabe flow and special solutions of the Ricci-Yamabe 
flow are famous as Ricci-Yamabe solitons [7]. Due to the sign of the scalars 6, and (62 the 
Ricci-Yamabe flow becomes a Riemannian, a semi-Riemannian or a singular Riemannian 
flow. 

In this paper, we show that the Lie group H2 x R involves a vector field satisfying a Ricci- 
Yamabe soliton. We also prove that there does not exist a gradient Ricci-Yamabe soliton. 
Throughout the paper, all geometric objects (curves, manifolds, vector fields, functions etc.) 


are assumed to be smooth. 


2. PRELIMINARIES 


2.1. Ricci-Yamabe and Gradient Ricci-Yamabe Solitons. A connected Riemannian 
manifold (M, g, 61, G2, 63) of dimension n (n > 2) is said to be a Ricci-Yamabe soliton if it 


satisfies 
Lxg + 26, Ric = —(263 — Ber)g, (2.1) 


where [xq is the Lie derivative of the metric g in the direction of the vector field X, 61, G2, G3 € 
R, Ric and r denote the Ricci tensor and the scalar curvature of M, respectively. A Ricci- 
Yamabe soliton (IM, g, 31, G2, 63) is said to be steady, expanding or shrinking and Ricci- 
Yamabe soliton if 83 =0, 63 >0 and 63 < 0 respectively. If a function f : M — R satisfies 


X = gradf, then we say that the Ricci-Yamabe soliton is a gradient Ricci-Yamabe soliton. 


2.2. The Lie group H2xR. We recall fundamental information about the Lie group HzxR 
from [4]. Let Hp = {(u,v) € R? | v > 0} denotes the upper half model of the hyperbolic 


plane equipped with the metric gy, = 5 (du? + dv”). The hyperbolic space H with the 
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group structure occured by the composition of proper affine maps is a Lie group with the 


left invariant metric 
1 
GS (du? + dv”) + dw’. (2.2) 
v 
A left-invariant orthonormal frame field (e1, €2,€3) is given by 


0 0 0 


eC] — Uv; €) — U2; 63S 
Ou’ Ov’ Ow 


The Levi-Civita connection V with respect to the this orthonormal frame is given by 


Ve,€1 = €2, Ve,e2 = —€1, Ve e3 = 0, 
Ves€1 = 0, Ve €2 = 0, Ver€3 = 0, (2.3) 
Vegze1 = 0, Vex€2 = 0, Vex€3 = 0. 


The Lie brackets are obtained as 
[e2, €3] = 0, [e1, €3] = 0, [e1, €2] =—€}1. 
The non-zero components of the curvature tensor field R and the Ricci tensor Ric are 


Re, €2)e1 = €2, R(e1, e2)e2 =-€1, 


Ric(ey,e1) = Ric(eo,e2) = —1. 


The scalar curvature r of Ho x R is 


3. MAIN RESULTS 


We start this section by considering 
X = tye, + teeg + t3e3 (3.4) 


is a potential vector field on M, where t1, tg and ts are differentiable functions of u,v and 


w. We label the coordinate basis by {0,, Ov, Ow}. 


Theorem 3.1. Let us consider the Lie group Hz x R with the metric . Then the 
space Hy x R admits an expanding, steady or shrinking Ricci Yamabe soliton if and only if 


by >0, 6, <0 or 6, =0. 
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Proof. From (2.2), (2.3) and (3.4) the Lie derivative of the metric tensor g is computed as 


Lxg(e1,e1) = —2(te — Oxti), 
Lxg(ei,e2) = ti + Ovti + Oute, 
Lxg(ei,e3) = Owti + Outs, 
Lxg(e2,e2) = 20yte, 
Lxg(e2,e3) = Owt2 + Ayts, 
Lxg(ez,e3) = 20yts. 


Putting (2.2), and in (2.1), we have 


—(t2— Outi) = Bi — (83 + Ba), (3.5) 

ty + Opt) + Oute = 26a, (3.6) 
Outi + Outs = 2Bo, (3.7) 
Oytz = Bi — (83 + Ba), (3.8) 

Owt2 + Optz = 280, (3.9) 
Outs = —(B3 + 2). (3.10) 


Equation (3.10) gives 0,0,t3 = 0. Using this equation and deriving (3.7) with respect to w, 


we get 
a7 t; = 0. (3.11) 
From (3.11), we occur 
t1 = y(u,v)w + o(u, v), 
where y and w are functions. Equation gives —O,to + O,O,t; = 0. Having in mind this 


relation and taking derivative in (3.5) with respect to v and using (3.8), we obtain 


OyOyt, = B1 — (B3 + Be). (3.12) 


Taking derivative in (3.6) with respect to v, we find O,t, + 02t, + O,0yt2 = 0. Using this 
relation in (3.12), we find 


Ont, + O7t = 0. (3.13) 
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Substituting ¢; in equations (3.12) and (3.13), we get 


OyOy pw ot OyOyh = By _ (B3 ss 2), 
(Qny + O2y)w + Oy + 24 = 0. 


Taking derivative in (3.14) with respect to w, we get 


dup + Oy = 0, 
Ov Tv Ow = 0, 
OuOue = 0, 


OnOyy = B — (83 + Be). 


Now, if we take derivative in (3.15) with respect to u and use in (3.15)4, we find 


G1 = 23 + Po. 
Integrating (3.15); and (3.15)2 give us 
Vv 


y(u,v) = ye” + vi(u), 
(u,v) = ye” + Yr (u), 


where 7; € R and yj, #1 are functions. Therefore, 

ti = (me " + pi(u))w + ye" + di (u). 
Substituting ¢, in (3.6), we deduce 

(pi(u) + py (u))w + vi (u) + oY (u) = 28>. 


Deriving equation (3.19) with respect to w, we find 


Integrating (3.20) with respect to u, we find 


yi(u) = 73 cosu+ ya sin u, 


V1(u) = y5 cosu+ sin u, 


where 7; € R. Hence, 


t1 = (me +73 cosut+ ysinu)w + ye” + y5 cosu + ¥6 Sin u. 


From (3.5), we have 


to = (—y3 sin u + y4.cos u)w — 75 sin u + Y6 Cos U. 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 
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Equation (3.10) yields 


t3 = —(83 + Bo)w + E(u, v), 


where € is a function. Substituting t1, tg, tz in (3.7) and (3.9) lead to 


Ou€ = 282 — (y1e~” + 73. cosu + ya sin u) 


(3.24) 
Ov& = 282 — (73 sinu + y4. cos wu). 
Integrating (3.24); with respect to u, we obtain 
€(u, v) = 2GQu — y,ue~” — y3 sin u + y4 cos u + 47, 
and putting € in (3.24)2, we see that 
yyue ” = 289 — 73 sin u — Y4 COS U. 
This gives us 
V=3= 12> f=. 
Finally, we find 
ty = ye "+75 cosu+t ye sin u, 
to = —Y5 sin u + ¥6 Cos U, (3.25) 


t3 = —Baw +7, 

where 7; € R. 
This shows that X = tye; + tgeg + t3e3 given by satisfies (2.1). We also found that 
61 = 03 + Bz and GB. = 0. Therefore we proved the theorem. 


Theorem 3.2. Let us consider the Lie group Hz x R with the metric (2.2). Then the space 


Ay x R does not admit a gradient Ricci- Yamabe soliton. 


Proof. Suppose that X = grady is a gradient vector field on M with potential function y. 
Then X is given by 


grady = v?0yyOu + v7Opydy + Owy dw: 


From (3.25), we see that the Lie group H2 x R is a gradient Yamabe soliton if and only if 


the function y fulfills the following equations: 


Quy = Be" + E cosu+ “sin u, 


Ovpy = —2 sinu+ % cos u, (3.26) 


Vv Vv 


Owy = —P3w + 7: 
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Integrating above system we find 


2 
y(u, v, w) = Inv[y5 sin u — 6 cos u] — Bow +73, % ER. 


But the function y does not fulfill (3.26). This ends the proof. 


4. CONCLUSION 


Ricci and Yamabe solitons have many applications for several sciences such as differential 
geometry and theoretical physics. Similar to these solitons, their scalar combinations, which 
are called Ricci-Yamabe solitons, have been studied increasingly since the work of Giiler 
and Crasmareanu [7]. In this paper, we investigate Ricci-Yamabe solitons in the Lie group 
Ay x R. Our calculations in this paper may provide an insight for further studies about 


Ricci-Yamabe solitons on other Thurston geometries. 
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ON THE OPERATOR EQUATION ABA= ACA AND ITS 
GENERALIZATION ON NON-ARCHIMEDEAN BANACH SPACES 


JAWAD ETTAYB - 


ABSTRACT. Let X and Y be non-Archimedean Banach spaces over a non-Archimedean val- 
ued field K. In this paper, we study some properties of A € L(X,Y) and B,C € L(Y, X) 
such that ABA = ACA and many basic operator properties in common of AC’ — Iy and 
BA-—Ix are given. In particular, N(Iy — AC) is a complemented subspace of Y if and only 
if N([x — BD) is a complemented subspace of X. Moreover, the approach is generalized for 
considering relationships between the properties of Iy — AC and Ix — BD. Finally, several 
illustrative examples are provided. 

Keywords: Non-Archimedean Banach spaces, operator equation, operators theory. 
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1. INTRODUCTION 


In classical operators theory, the operator equations ABA = A? and BAB = B? were 
studied by sereval researchers, for more details see [IO] {Ti [T2]| [14]. Recently, Barnes estab- 
lished some consequences on common operator properties of continuous linear operators AB 
and BA on complex Banach spaces, for more details, we refer to [1]. Moreover, Corach et al. 
[2] established some common properties of AC—Iy and BA—Ix when ABA = ACA. In [17], 
Zeng and Zhong proceeded to examine common properties of AC’ and BA from the attitude 
of classical spectral theory considering A € L(X,Y), B,C € L(Y, X) such that ABA = ACA, 
where X and Y were assumed to be Banach spaces over C. In particular, they gave an af- 
firmative answer to one question raised by the authors [2], by showing that AC — Iy is of 
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closed range if and only if BA— Ty is of closed range. Yan and Fang examined the joint 
properties of BD and AC in terms of regularity when A, D € £(X,Y) and B,C € L(Y, X) 
such that ACD = DBD and DBA = ACA. In non-Archimedean operators theory, Ettayb 
[4] studied specific properties of operator equations ABA = A? and BAB = B? on a non- 
Archimedean Banach space X and many basic operator properties in common of Ix — AB 
and Ix — BA were described. In particular, if X, Y are non-Archimedean Banach spaces over 
a spherically complete field K, A € £(X,Y) and B € L(Y, X), then N(Iy — AB) is a comple- 
mented subspace of Y if and only if N(x — BA) is a complemented subspace of X. Recently, 
Ettayb [6] examined the common properties of AC and BD whenever A, D € L(X,Y) and 
B,C € L(Y, X) such that ACD = DBD and DBA = ACA where X and Y were supposed 
to be non-Archimedean Banach spaces over a non-Archimedean valued field K. 
Non-Archimedean spectral theory played a crucial role in non-Archimedean functional 
analysis which has had numerous applications in non-Archimedean applied mathematics and 
physics, including non-Archimedean differential, pseudo-differential equations and quantum 
physics. For additional details see [7] [8) [15]. This work is motivated by many studies on 
non-Archimedean operators theory and spectral theory of continuous linear operators, e.g. 
(4), {6} (5) (7) {8} (15). Throughout this paper, K is a complete non-Archimedean valued field with 
a non-trivial valuation |-|, X and Y are non-Archimedean Banach spaces over K and £(X, Y) 
will denote the collection of all continuous linear operators from X into Y. For X = Y, we 
put £(X, X) = L(X). (Qy,|.|p) is the field of p-adic numbers. For more details, we refer to 
[9] [73]. Let A € L(X), R(A), N(A), A*, o(A), op(A) and p(A) denote the range, the 
kernel, the adjoint, the spectrum, the point spectrum and the resolvent set of A respectively. 
The goal of this work is to develop the theory of some operator equations of continuous 


linear operators in non-Archimedean Banach spaces. 


2. PRELIMINARIES 


We continue with the following preliminaries. 


Definition 2.1. [3] A field K is said to be non-Archimedean if it is endowed with an absolute 
value |-|:K — R® such that: 
(i) ja] =0 if, and only if, a = 0; 
(ii) For alla, w €K, lop] = |al|q; 
(iii) For each a, € K, |at+ pl < max{fal, |u|}. 
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Definition 2.2. [9] K is said to be spherically complete if each sequence of balls (Bn)n>1 of 


K such that By+1 C By for every n > 1, we have () B= v. 
n>1 


Definition 2.3. Let X be a vector space over K. A function || - ||: X + Ry is called a 
non-Archimedean norm if: 

(i) For each u € X, ||u|| = 0 if and only if u = 0; 

(ii) For allu € X and X€ K, |lAul] = |A|||ull; 


(iii) For each u,y € X, |ju+ yl] < max(|ul], |lyl)). 


Definition 2.4. A non-Archimedean Banach space is a complete non-Archimedean normed 


Space. 


Example 2.1. The space co(K) is the space of all sequences (x;);ex in K such that 


lim x; = 0. Hence (co(K), || - ||) is a non-Archimedean Banach space where for any (xi)ien € 
1 0O 
co(KX), || (@i)sen Il = sup |ail.- 
iEN 
Definition 2.5. Let P € £(X). P is said to be a projection if P? = P. 


Remark 2.1. If P is a projection on X, then R(P) is the kernel of I—P so that R(P) 


is a closed linear subspace of X. 
The following lemma holds. 


Lemma 2.1. Let P € L(X) be a projection. Hence, we have the following: 
(i) Ix — P is a projection; 
(ii) If P £0, then ||P|| > 1; 
(iii) If P #0 and PA Ix, then ||P|| = ||Ix — Pll; 
(iv) If Q is projection such that PQ = QP, then PQ is projection. 


We have the following definition. 


Definition 2.6. [9] A subspace D of X is said to be complemented if there is a continuous 
projection P € L(X) such that R(P) = D. In such case, D = R(P) and D, = N(P) are 
closed subspaces and X = D@® Dj. 


Remark 2.2. [9] If D, D, are closed subspaces of X such that X = D©® Dj, then D is 


complemented in X and D, is a complement of D. 


For more details, see [9} [13]. 
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Proposition 2.1. [6] Let Ac L(X,Y) and Be L(Y, X), we have: 


(i) N(B) A NUy — AB) = {0}; 
(ii) B(N(Iy — AB)) = N(Ix — BA). 


The following theorem is valid. 


Theorem 2.1. [6] Let A € L(X,Y) and B € L(Y,X). Hence R(Iy — AB) is closed if and 
only if R(x — BA) is closed. 


Theorem 2.2. [4] Let X and Y be non-Archimedean Banach spaces over a spherically com- 
plete field IK and let A € L(X,Y) and B € L(Y, X), hence N(Iy — AB) is a complemented 


subspace of Y if and only if N(I[x — BA) is a complemented subspace of X. 


3. MAIN RESULTS 


We have the following results. 


Lemma 3.1. Let Ac L(X,Y), B,C € L(Y, X) with ABA = ACA. Hence R(AC — Iy) is 
closed in Y if and only if R(BA— Ix) is closed in X. 


Proof. If R(AC — Iy) is closed in Y, hence let (%p)nen C R(BA-— Ix) with x, > x for some 
x € X as n — oo. Then there is a sequence (Zn)nen C X with x, = (BA — Ix)z, for any 


n EN. Thus 


Ax = lim Az, 


Noo 


= lim A((BA-— Ix)zn) 


N+ 0o 
= lim (ABA- A)z, 
Noo 
lim (ACA — A)zn 
Noo 


(AC — Iy)AZn. 


lim 
noo 
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From R(AC — Iy) is closed in Y, there is y € X with (AC —Iy)y = Az. Thus y = ACy— Az. 
x = BAz—(BA-Ix)z 


= B(AC-—Iy)y—(BA-Ix)x 


= (BAC — B)(ACy — Ax) — (BA-—Ix)zx 

= BACACy—- BACAz — BACy+ BAz — (BA-Ix)ax 

= BABACy—- BABAsz — BACy+ BAz — (BA -Ix)z 

= (BA-—Ix)(BACy — BAz— xz). 
Consequently, x € R(BA— Ix). Then R(BA — Ix) is closed in X. Conversely, assume that 
R(BA — Ix) is closed in X. Then, from Theorem[2.1} R(BA— Ix) is closed in X if and only 


if R(AB — Iy) is closed in Y. Thus R(CA— Ix) is closed in X. By Theorem|[2.1} R(AC - Iy) 
is closed in Y. Consequently, R(AC — Iy) is closed in Y if and only if R( BA — Ix) is closed 


in X. 


Lemma 3.2. If A € L(X,Y), B,C € L(Y,X) such that ABA = ACA. Hence for each 
néN, R((AC — Iy)") is closed in Y if and only if R((BA—Ix)") is closed in X. 


Proof. Set 
n+1 n+ 1 
Vn €N) B, = 4 (-1)*! B(AB)*"! 
k 
k=1 
and 
n+l n+ 1 
(vn €N)C, = eye ‘ Jou). 
k=1 
Since ABA = ACA, for each n € N, AB,A = AC, A. Moreover, for each n € N, 
ay n+1 
I-ACG, = I= yet (" 2" acacy 


n+l 
= 145-1 (" ‘) (Acy(Acy 


= (I- Ac)", 
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Similarly, we have for all n ¢ N, (I — BA)"*+! = I — B,, A. By Lemma 3.1 for each n € N, 
R((AC — Iy)”) is closed in Y if and only if R((BA— Ix)"”) is closed in X. 


Lemma 3.3. If AGE L(X,Y), B,C E L(Y, X) with ABA = ACA. Hence for each n €N, 
(i) AR((BA — Ix)") C R((AC — Iy)"); 
(ii) AN((BA — Ix)") C N((AC - Iy)"); 
) 
) 


(iii 


BACN((AC — Iy)") C N((BA-— Ix)”); 
(iv) BACR((AC — Iy)") C R((BA — Ix)”). 


Proof. (i) If x € R((BA — Ix)”), hence there is u € X with = (BA — Ix)"u. Then 
Ag = A(BA — Ix)"u = (AC — Ty)" Au € R((AC — Iy)”). 


Thus AR((BA _ Tey") c R((AC _ Ty)”). 
(ii) Let « € N((BA — Ix)”), then (BA — Ix)"x = 0. Hence 


(AC — Iy)" Ax = A(BA— Ix)"x = 0. 


Consequently, Ax € N((AC — Iy)"). Thus AN((BA — Ix)”) C N((AC — Iy)”). 
(iii) Let y € N((AC — Iy)"), then (AC — Iy)"y = 0. Hence 


(BA — Ix)"BACy = BAC(AC — Iy)"y =0. 
Consequently, BACy € N((BA— Ix)"). Then 
BACN((AC — Iy)") c N((BA—Ix)"). 
(iv) If z € R((AC — Iy)"). Hence there is y € Y with z = (AC — Iy)"y. Then 
BACz = BAC(AC — Iy)"y = (BA — Ix)"BACy € R((BA-— Ix)”). 


Consequently, BAC R((AC — Iy)") C R((BA—Ix)"). 


Lemma 3.4. If A € L(X,Y) and B,C € L(Y,X) with ABA = ACA. Hence for each 
néN, R(AC-Iy)+N((AC-Iy)”) is closed in Y if and only if R(BA—Ix)+N((BA-Ix)”) 


is closed in X. 


Proof. Assume that R(AC — Iy) + N((AC — Iy)”) is closed in Y. Let (an)nen C R(BA — 


Ix) + N((BA — Ix)") with x, — x for some x € X as n — oo. Hence there are sequences 
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(Zzn)nen C R(BA — Ix) and (wn)nen C N((BA — Ix)") with 2, = 2, + Wy for any n EN. 


Thus 


Az = lim Az, 


n—->oco 


lim A(Zp + wn). 
N—- Oo 


From (7) and (iz) of Lemmaj3.3| we get Az, € R(AC—Iy) and Aw, € N((AC—Iy)”). From 
R(AC — Iy) + N((AC — Iy)”) is closed in Y, there are z € Y and w € N((AC — Iy)") with 
(AC — Iy)z+w = Ag. Thus z = ACz — Ax + w. Consequently, 


x = BAzxr—(BA-Ix)x 
= B((AC —-Iy)z+w)-—-(BA-Ix)z 


= (BAC — B)z+ Bw-(BA-Ix)z 


= (BAC — B)(ACz — Ax+w)+ Bw —-(BA-Ix)z 


= BACACz— BACAz + BACw — BACz + BAzr — Bw+ Bw —(BA-—Ix)zx 


= BACACz— BACAz + BACw — BACz+ BAz — (BA-Ix)az 
= BABACz— BABAzr+ BACw — BACz+ BAx — (BA-—Ix)xz 
= (BA-Ix)(BACz — BAx — x) + BACw. 


Since w € N((AC — Iy)”) and from (iti) of Lemma we have ¢ € R(BA — Ix) + 
N((BA-—Ix)”). Then R(BA-—Ix)+N((BA-—Ix)”) is closed in X. Conversely, assume that 
R(BA—Ix)+N((BA-—Ix)") is closed in X. By Theorem|2.1| R(AB-—Iy)+N((AB-Iy)”) 
is closed in Y. Then R(CA — Ix) + N((CA — Ix)”) is closed in X. From Theorem [2.1| 
R(AC — Iy) + N((AC — Iy)") is closed in Y. 


The following theorem holds. 


Theorem 3.1. Let X and Y be non-Archimedean Banach spaces over a spherically complete 
field IK. If A,D € L(X,Y), B,C € L(Y, X) with ACD = DBD and DBA = ACA. Hence 
N(ly — AC) is complemented in Y if and only if N(Ix — BD) is complemented in X. 


Proof. Assume that N(Iy — AC) is a complemented subspace of Y, hence there is a bounded 
projection Q € L(Y) with R(Q) = N(Iy — AC), thus (ly — AC)Q = 0, hence Q = ACQ. 
Set P= BQACD € L(X). By DBQ = DBACQ = ACACQ = ACQ = Q, hence 


P? = (BQACD)(BQACD) = BQACQACD = BQACD = P. 
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Note that 


(Ix — BD)P = (Ix — BD)(BQACD) = BQACD — BDBQACD =0. 


Then R(P) C N(x -— BD). If cx € NUIx — BD). Thus Dx = DBDx = ACDz, hence 
Dz € NUIy — AC) = R(Q). Thus QDz = Dz, then 


Px = BQACDz = BQACQD«x = BQDz = BDz = z, 


hence N(Ix — BD) C R(P). Then P is a projection with R(P) = N(Ix — BD). Conversely, 
suppose that W is a projection with R(W) = N(Ix — BD). Put Z = ACDW BACAC. By 
BDW =W, it follows that 


Z? = (ACDWBACAC)(ACDWBACAC) 
= ACDWB(ACA)CACDW BAC AC 
= ACDWB(DBA)C(ACD)WBACAC from ACA = DBAand ACD = DBD 
= ACDWBDB(ACD)BDWBACAC 
= ACDWBDB(DBD)BDWBACAC 
= ACDWBDBDBDBDWBACAC 
= ACDWBACAC 


= Z. 


From 


(Iy —AC)Z = (Iy — AC)(ACDWBACAC) 
= ACDWBACAC — ACACDWBACAC 
= ACDWBACAC — ACDBDWBACAC 
= ACDWBACAC — ACDWBACAC 


= 0, 
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R(Z) C N(UIy — AC). Let « € N(Iy — AC). Hence x = ACz. By BACzx = BACACz = 
BDBACz and BACz € N(Ix — BD) = R(W), we get WBACz = BACz. Thus 
Zz = ACDWBACACsz 
= ACDWBACz 
= ACDBAC2z 


= ACACACs 


a Z, 


hence N(Iy — AC) C R(Z). Then Z is the projection onto N(Iy — AC). 


Theorem 3.2. Let X and Y be non-Archimedean Banach spaces over a spherically complete 
field IK. Let A,D € L(X,Y), B,C € L(Y, X) such that ACD = DBD and DBA = ACA. 
Hence R(Iy — AC) is complemented in Y if and only if R(x — BD) is complemented in X. 


Proof. Suppose that Q is the projection with R(Q) = R(Iy — AC). Put P = Ix — BAC(Iy — 
Q)D. From (Iy — Q)(Iy — AC) = 0 and (Iy — Q) AC = Iy — Q, we get 
P? = [Ix — BAC(Iy — Q)D|[Ix — BAC(Iy — Q)D] 
= Ix —- BAC(Iy — Q)D — BAC(Iy — Q)D + BAC(Iy — Q)DBAC(Iy — Q)D 


= Ix —BAC(Iy —Q)D — BAC(Iy — Q)D + BAC(Iy — Q)ACAC(Iy — Q)D 


= Ix — BAC(Iy — Q)D — BAC(Iy — Q)D + BAC(Iy — Q)D 
= Ix — BAC(Iy — Q)D 
= P. 
Thus P? = P. From R(Q) = R(Iy — AC), we get 
R(BACQD) © R(BAC(Iy — AC)) = R((Ix — BD)BAC) © R(Ix — BD). 
Moreover, 
P = Ix-—BAC(Iy —Q)D 
= Ix —-BACD+ BACQD 
= Ix — BDBD+BACQD 


= (Ix —BD)(Ix + BD)+BACQD, 
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and thus R(P) C R(U[x—BD).Ifx € R([x—BD), hence there is u € X with x = (Ix -—BD)u. 
From Dz = D(Ix — BD)u = (Iy — AC)Du € R(Q), we get 


Py [Ix = BAC(Iy = Q)D\x =a, 


hence R([x — BD) C R(P). Then R(Ix — BD) is complemented in X. Conversely, suppose 
that Q is a projection with R(Q) = R(x — BD). Set W = Iy — ACD(Ix — Q)BAC. We 
demonstrate that W is a projection such that R(W) = R(Iy — AC). From (Ix — Q)(Ix — 
BD) =0 and (Ix — Q)BD = Ix — Q, hence 
WwW? = [ly — ACD(Ix — Q)BAC/ 

= Iy —2ACD(Ix — Q)BAC + ACD(Ix — Q) BACACD(Ix — Q)BAC 

= ly —2ACD(Ix — Q)BAC + ACD(Ix — Q) BDBACD(Ix — Q)BAC 

= Iy —2ACD(Ix — Q)BAC + ACD(Ix — Q)BDBDBD(Ix — Q)BAC 

= Iy — ACD(UIx — Q)BAC 


= W. 
Thus W? = W. One can see that. 
W = Iy —-ACD(UIx —Q)BAC 
= Iy —-ACDBAC + ACDQBAC 
= Iy — ACACAC + ACDQBAC, 


and 


R(W) © R(UIy — ACACAC + ACDQBAC) 


IM 


R[(Iy — AC)(Iy + AC + ACAC)] + R[ACD(Ix — BD)| 
S R(Iy = AC) + Ri{(Uy = AC)ACD] 


© (Rip AC): 


For each y € R(Iy — AC), there is w € Y with y = (Iy — AC)w. Hence BACy = BAC (Iy — 
AC)w = (Ix — BD)BACw € R(Q), then 


Wy = [ly — ACDUx — Q)BACly = y. 


Thus R(Iy — AC) C R(W). Hence R(Iy — AC) is complemented in Y. 
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We finish with the following examples. 


Example 3.1. Let A,B,C © L(co(K)) be given respectively by 
Aais U2, U3,U4,°°* ) < (0, v2, 0, 24, he ) 


B(x; 3,03, B4,3°* ) = (0, 01, 9,045" +> ) 


and 


C(21, 2,23, £4, _ -) = (0,0, #1, £4, ae as 


It is easy to see that ABA = ACA. 


Example 3.2. 
(i) Let 
Li 1 0 0 -1l 
A= a= and C = € M2(Q,). 
1 1 —-1 0 0 1 
It is easy to see that ABA = ACA = 0.y,(Q,)- 
(ii) Let 
1 O 1 1 
A= = and C= € M2(Q,). 
1 1 0 -2 QO -l 
Then ABA = ACA. 
(iii) Let a,b,c € Qp. Let 


abe 


—) 
— 
= 


O° 4. 1 
ASO" O° a B= iy Oy Ft and C= 11-0. 1 € M3(Q,). 


0 0 0 1 10 1 1 0 
One can see that ifa=c=0,b=1, then B=C and ABA = ACA. 
Moreover in the case B#C, we have ABA = ACA. 


REFERENCES 
Soc., 162, 1055-1061. 
520-531. 


Springer, Cham. 


spaces. Topological Algebra and its Applications, 11(1), 20230110. 


1] Barnes, B. A. (1998). Common operator properties of the linear operators RS and SR. Proc. Amer. Math. 
2] Corach, G., Duggal, B., & Harte, R. (2013). Extensions of Jacobson’s lemma. Comm. Algebra, 41(2), 
3] Diagana, T., & Ramaroson, F. (2016). Non-Archimedean operator theory. Springer Briefs in Mathematics, 


4] Ettayb, J. (2023). On the operator equations ABA = A? and BAB = B? on non-Archimedean Banach 


INT. J. MAPS MATH. (2023) 7(2):224-235 / ON THE OPERATOR EQUATION ABA = ACA 235 


ot 


Ettayb, J. (2023). A-Commuting of bounded linear operators on ultrametric Banach spaces and determi- 


nant spectrum of ultrametric matrices. Topological Algebra and its Applications, 11(1), 20230103. 


aD 


Ettayb, J. (2024). Common properties of the operator equations in ultrametric specrtal theory. Gulf 
Journal of Mathematics, 16(1), 79-95. 
7| Khrennikov, A. (1995). Statistical interpretation of p-adic quantum theories with p-adic valued wave 


functions. Journal of Mathematical Physics, 36(12), 6625-6632. 


eg) 


Kochubei, A. N. (1995). Gaussian integrals and spectral theory over a local field. Izvestiya: Mathematics, 
45(3), 495-503. 


Ke) 


Perez-Garcia, C., & Schikhof, W. H. (2010). Locally convex spaces over non-Arch 

10] Rakoéevié, V. (2000). A note on a theorem of I. Vidav. Publ. Inst. Math., 68(82), 105-107. imedean valued 
fields. Cambridge Studies in Advanced Mathematics, vol. 119, Cambridge University Press, Cambridge. 
11] Schmeoger, Ch. (2005). On the operator equations ABA = A”? and BAB = B?. Publ. Inst. Math., 78(92), 
127-133. 

12] Schmoeger, Ch. (2006). Common spectral properties of linear operator equations A and B such that 
ABA = A? and BAB = B?. Publ. Inst. Math., 79(93), 109-114. 

13] van Rooij, A. C. M. (1978). Non-Archimedean functional analysis. Monographs and Textbooks in Pure 
and Applied Math., 51. Marcel Dekker, Inc., New York. 

14] Vidav, I. (1964). On idempotent operators in a Hilbert space. Publ. Inst. Math., 4(18), 157-163. 

15] Vladimirov, V. S. (1993). On spectral properties of p-adic pseudo differential operators of Schrédinger 
type. Izvestiya: Mathematics, 41(1), 55-73. 

16] Yan, K., & Fang, X. (2015). Common properties of the operator products in spectral theory. Ann. Funct. 
Anal., 6(4), 60-69. 


17] Zeng, Q. P., & Zhong, H. J. (2013). Common properties of bounded linear operators AC and BA: Spectral 
theory. Math. Nachr., 267(5-6), 717-725. 


REGIONAL ACADEMY OF EDUCATION AND TRAINING CASABLANCA-SETTAT, PROVINCIAL DIRECTORATE 
OF NATIONAL EDUCATION OF BERRECHID, HAMMAN AL-FATAWAKI COLLEGIATE HIGH SCHOOL, HAD SOUALEM, 


BERRECHID, MOROCCO 


of My 
S 
zs 


International Journal of Maps in Mathematics 
Volume 7, Issue 2, 2024, Pages:286-257 
E-ISSN: 2636-7467 


www.journalmim.com 
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ABSTRACT. In this article, we study bi-f-harmonic curves, hyperelastic curves, helices and 
circles along conformal Riemannian submersion. We investigate the behavior of an arbitrary 
horizontal curve on the total manifold under the conformal submersion. Moreover, we show 
that a totally geodesic Riemannian submersion takes a horizontal bi-f-harmonic curve, helix 
and circle to a bi-f-harmonic curve, helix and circle on target manifold, respectively. In 
addition, we also find the conditions for which Riemannian submersion takes a horizontal 
bi-f-harmonic curve, helix and circle to a bi-f-harmonic curve, helix and circle on target 
manifold, respectively. 

Keywords: Bi-f-harmonic curve, bi-harmonic curve, helix, circle, hyperelastic curves, elas- 
tic curve, totally geodesic conformal submersion and totally umbilical conformal submersion. 
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1. INTRODUCTION 


In 1964, J. Eells and J. H. Sampson [6], introduced the concept of bi-harmonic maps by 
generalizing the harmonic maps. Harmonic maps have important applications in various 
areas of mathematics and physics with nonlinear partial differential equations. A harmonic 


map a: (N,gn) > (N,gyw) between the Riemannian manifolds (N,gn) and (N,gj) is a 
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critical point of the energy functional, 


Bla) = 5 f _ [dary 
where [\y is some compact domain of N and t(a) = Trraceg, Vda is the tension field of 
a. The harmonic map equation is an Euler-Lagrange equation of the functional T(y) = 
Traceg, Vdp = 0, where T(y) = Traceg, Vdy is the tension field of y [6]. The bi-harmonic 
map a between the Riemannian manifolds (N,gy) and (N,gy) is a critical point of the 
bi-energy functional, E2(a) = a Jy |7(a@)|?ugy, where Ty is a compact domain of N. The 


bi-harmonic map equation is an Euler-Lagrange equation of the functional, 


Ta(a) = Tracegy (V°V® — Von)T(a@) — Tracegy RN (da, T(a))da = 0, 


where RN = VN, Viz —-VN Z, is a Riemann curvature tensor of (N,gx) [16]. In 1991 
ae Vy [X,Y] N 


[5], the author introduced the bi-harmonic submanifolds of Euclidean space and stated a 


conjecture “ any bi-harmonic submanifold of Euclidean space is harmonic, thus minimal”. 
If the definition of bi-harmonic maps for Riemannian immersion in Euclidean space is used, 
then the Chen’s definition of a bi-harmonic submanifold coincides with the definition given 
by the bi-energy functional. 
Bi-f-harmonic maps are the generalization of harmonic maps and f-harmonic maps. There are 
two methods to formalize the link between bi-harmonic maps and f-harmonic maps. In the 
first method of formalization, the authors extended the bi-energy functional in to the 
bi-f-energy functional and got bi-f-harmonic maps. Further, for the second formalization, the 
f-energy functional is extended to the f-bi-energy functional. In [22], the author introduced 
the f-bi-harmonic maps by generalizing the bi-harmonic maps. The bi-f-harmonic equation 
for curves in Euclidean space, hyperbolic space, sphere and hypersurfaces of manifolds were 
studied in [30}. 
In [84], authors studied the charcterization of submanifold by taking the hyperelastic curves 
along an immersion. The following properties of Riemannian submersions were studied in 
[19]. In 1974, the authors proved that if a circle is mapped by immersion from a 
submanifold to the ambient manifold, then the submanifold is said to be totally umbilical 
with a parallel mean curvature vector field [26]. 

In the sixties O’ Neill and Gray introduced the concept of Riemannian submersions between 
Riemannian manifolds [25]. A differential map G between two Riemannian manifolds 


(N,gn) and (N,gy) is known as a submersion if the rank of G, is equal to the dimension 
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of the targeted manifold. Also, if the submersion is isometry between (N, gy) and (N, gy), 
then G is called a Riemannian submersion. Conformal submersion and the fundamental 
equations of conformal submersion were studied in (12). In [38], authors study the 
totally umbilical, geodesic and minimal fibers by using conformal submersions. Horizontally 
conformal submersion is a generalization of the Riemannian submersion [9} [14]. Horizontally 
conformal map is useful for the characterization of harmonic morphisms [4] and has many 
applications in medical imaging (brain imaging) and computer graphics. 

Hyperelastic curves in a Riemannian manifold are solutions to a constrained variable prob- 
lem and are characterized by Euler-Lagrange equations. A parametrized curve by its ar- 
clength is said to be a hyperelastic curve if it is a critical point of the following curvature 


energy action defined on a suitable space of curves in a Riemannian manifold 


Fy = fo + p)ds, (1.2) 


where «& denotes the curvature of ¥ [31]. If « = 0, then these curves are called 
free hyperelastic curves. In 2021, B. Sahin, G. O. Tukel and T. Turhan, studied the effect of 
hyperelastic curves on the geometry of isometric immersions in [33]. The functional FY is the 
classical Euler-Bernoulli’s bending (or elastic) energy functional for r = 2. Immersed curves 
which are critical for the bending energy functional satisfying some boundary conditions are 
said to be elastic curves (or elastica) [20]. The existence, classification or stability problems 
of elastic curves or their generalizations in Riemannian manifolds attracted the attention of 
many researchers. There are the following examples in the literature worked by D. Singer et 
al. [35]. In 1984, J. Langer and D. Singer proved that there exist closed elastic 
curves of a fixed length in a compact Riemannian manifold [20]. 

A smooth curve parametrized by its arc-length on a Riemannian manifold N is said to be 
circle if it satisfies V3.6 = —«28, where « is a non-negative constant curvature of 8 and V B 
is the covariant differentiation along 6 with respect to the Riemannian connection V on N. 


In [26], Nomizu-Yano proved that { is a circle iff the following is satisfies 
V28 + 9(V 58, V5)6 = 0, 


where g is the Riemannian metric on N and V38 =V av ab Many authors studied circles 
on Riemannian manifolds and they showed that it is possible to obtain certain properties of 
a submanifolds by observing the extrinsic structure of circles on this submanifold, [7 
[29]. In 1963, S. Kobayashi and K. Nomizu showed that an ordinary helix 
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c = c(s) satisfies the following equation, Vib + KV 56 = 0, where K? = x?+7? is a positive 
constant. Conversely, if a curve c = c(s) satisfies the above condition, then it is an ordinary 
helix or a geodesic, [18]. 

The structure of the article is as follows: In Section 2, we recall some basic concepts about 
conformal Riemannian submersion, totally geodesic fibers and the second fundamental form 
of Riemannian submersion. In Section 3, some conditions are derived for the case where 
the curve either in the base manifold or in the target manifold is a bi-f-harmonic curve. In 
section 3, we show that a totally geodesic conformal submersion between two Riemannian 
manifolds takes a bi-harmonic curve to a bi-harmonic curve. In section 4, we prove that the 
conformal submersion takes a curve to a helix iff the curve is of constant curvature. In the 
same section, we also find the conditions for a curve to become a circle in a targeted manifold 
by conformal submersion. In the final section, we study the hyperelastic curves along the 


conformal submersions. 


2. PRELIMINARIES 


Let G : (N,gn) > (N,gy) be a differentiable map between the Riemannian manifolds 
(N,gn) and (N,gy) of dimensions n; and ng, respectively such that nj > ng. Then G is 
said to be a Riemannian submersion if rank of G is maximal and differential G, preserves 
the lengths of horizontal vectors. A Riemannian submersion G : (N, gn) — (N,g,j) is said 
to be a conformal submersion if the restriction of G, to the horizontal distribution of G is a 


conformal map, i.e. there exist a smooth function \: N + R* such that 
gn(G4(X), G.(Y)) = \? (p) gn (X, par 


for all X,Y € T(kerG,)+ and pe N. 
A curve 8: I > N on (N,Q) is said to be a bi-f-harmonic curve if and only if § satisfies 


the condition [30], 
(FF + FYB + BFP + 2F7)V 5B + Af F'V28 + PVEB 
+/?R(V 48,8) = 0, (2.2) 
where f : I — (0,00) is a smooth function, V is a Levi-Civita connection and R is a 
Riemannian curvature tensor on N. Let G : (N,g) + (N,g) be a Riemannian submersion 


between (N,g) and (N,g). Then f is said to be a horizontal curve if B(t) € (kerG,)+; 


Vte TI. If VN is the Levi-Civita connection on (Ng), then the second fundamental form of 
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G is given by 


(VG,)(X,Y) = v8G.(V) =aGO(VeY).. VCY elit), (2.3) 


N 
where V@ is the pullback connection of V. Now, if X,Y € I'((kerG,)+), then the second 


fundamental form of Riemannian submersion is 


(VG)(X,Y) =0. (2.4) 
Also, if X,Y € I'((kerG,)+) and V € I'((rangeG,)+), then 
VE.cx)V = ~SvG.(X) + VE'V, (2.5) 


where Sy G(X) is the tangential component of Ve. (x)V- Since (VG,.) is symmetric and Sy 


is a symmetric linear transformation of rangeG,, therefore 
9n(SvGs(X), Gs(Y)) = gn (V, (VGs)(X,Y)). (2.6) 


From equations (2.3) and (2.4), we get 


RN (G,(X), Ge(Y))G.(Z) = —Seva.yy.z)Ge(X) + Seve.y(x,z)Ga(Y) 
+Gi.(RN (X,Y)Z) + (Vx(VG.))(¥, Z) — (Vy (VG.))(X, 2), (2.7) 
where V is the covariant derivative of the second fundamental form. The O’ Neill tensors 
A and T are given by 
ApP' = hVppuP’ + uVaphF’, (2.8) 
TpP’ = hV ypuP’ + uVyPhF’, (2.9) 
for all P,P’ € I(TN), where V is the Levi-civita connection on N. For P € [(T'N), T 


is vertical such that Tp = T,p and A is horizontal such that Ap = App. Also, if U,W € 
I(kerG,.), then we have TyW = TwU. 


From equations (2.8) and (2.9), we get 
VvVW =TyV +0VyVW, (2.10) 
VxV =AxV + 0VXV, (2.11) 


VyZ=AyZ+ AV yZ, (2.12) 
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for all V, W € T'(kerG,) and Y, Z € T(kerG,)+. The covariant derivative of VG, and S$ are 
(Vx(VG.))(¥, Z) = VE (VG4)(Y, Z) — (VG.)(VXY, Z) — (VG.)(Y, VEZ), (2.13) 
and 


N 
(VxS)yG.(Y) = G.(V% *G.(SVG.(Y))) — $ Gi(¥)=—SvyOVEG.Y). @14 


VEV 
respectively. Here Q is a projection morphism on rangeG, and *G, is an adjoint map of Gy. 
From equations (2.13) and (2.14), we obtain 

on ((Vx(VG4))(¥, Z),V) = gn((VxS)vG.(Y), G.(Z)). (2.15) 
Let G : (N,gn) > (N,gy) be a conformal submersion between Riemannian manifolds 


(N,gn) and (N,gq). Then G is called a conformal submersion with totally geodesic fibers 


if and only if T’ vanishes identically. 


3. CHARACTERIZATION OF BI-F-HARMONIC CURVES 


Let 6: 1 > N be acurve in an nj-dimensional Riemannian manifold N with an orthonor- 
mal frame {Wo, W1,....Wn,-1} in TT.N, where Wo = T, W, = N and W2 = U are the unit 
tangent vector, the unit normal vector and the unit binormal vector of a, respectively. Then 


the Frenet equations are given by 


VrW; = —6jWy-1+6j41Wj41, Oj <m-1, (3.16) 


where Ko = Kn, = 0, k1 = K =||VrT]| is curvature and 7 = kg = —(VrW\, W2) is torsion of 


6 on N, respectively. Next, we introduce the concept horizontal bi-f-harmonic curve. 


Definition 3.1. Let G: (N,g) > (N,g) be a conformal submersion between the Riemannian 
manifolds (N,g) and (N,g). Then a horizontal curve on (N,g) with is said to be a 


horizontal bi-f-harmonic curve on (N,Q). 


Lemma 3.1. Let G: (N,g) > ( 


Now, if 8 =Go8 is a curve on (N,g) and 8 is a horizontal curve on (N,g), then 
(i) REG.(V 58), 6(8)G.(B) = 6.(RO 58, BB) — 217E.)(5, Ag 8) 
B 
H(VGx)(AgV 36,8) + (VG)(V 58, Ash), (3.18) 


A _ = 
where V and V are the Levi-Civita connections of N and N, respectively. 
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Proof. Let 6 be a horizontal curve with curvature « on Riemannian manifold (N,g) and 
8B = Go8 is acurve with curvature & on (N,g). Then a vector field G,() along £ is defined 
by 

G.(B) = Gee B, 
where 3(s) = 6 is a vector field along 8(s) = £. 


(2) From equations (2.3), and (2.5), we have 


7 ; A2, 
VG.) @*(8) = G,(V 28). (3.19) 
Taking the covariant derivative of (3.22) and using (2.3), (2.4) and (2.5), we get the required 


condition. 


(ii) From equations (2.3), (2.4) and (2.5), we get the required equation. 


Definition 3.2. A Riemannian submersion G : (N,g) + (N,g) between Riemannian man- 
ifolds (N,g) and (N,g) is said to be totally geodesic conformal submersion if second funda- 


mental form of G is identically zero. i.e. 
(VG,.)(X,Y) =0, VX,Y €T (TN). (3.20) 


Lemma 3.2. Let G: (N,g) > (N,g) be a totally geodesic conformal submersion between 
Riemannian manifolds (N,g) and (N,g). If 8 is a horizontal curve with curvature K on 
(N,g) and B =G08 is a bi-f-harmonic curve on (N,g), then the curvature of 8 is given by 
1 2 2 m 1 pl i 
wag | HUM Hi as +O}, (3.21) 
3 
where C' is some constant. 
Proof. Let G : (N,g) > (N,g) be a conformal submersion between Riemannian manifolds 
(N, g) and (N,g). Then for any horizontal curve 6 on (N, g) and bi-f-harmonic curve 8 = Gof 
on (N,g), we have 


(FF + FFG(B) + BFF" + 2F?)V Gg) Ga(B) + 4FF'VE, (5) Gel) 
+P°VE (jy Ge(B) + P-R(Gs(V g), Ge(B))Gx(B) = 0. (3.22) 
From Lemma 3.1] and equation (3.22), we have 
2 . 
(fF + fF G(B) + (BF I" + 2F2)G(W 98) + AP F'C.(V 58) 


A3 , _ A, : . 
+f°G.(V 38) + f?R(G.(V 38), Gx(8))G4(8) = 0. (3.23) 
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Now using second part of Lemma (3.1) in equation (3.23), we get 
(FP + FP Ga(B) + BFP” + 2F7)G4(0 48) + 4f PAA) 
+ PGT 9B) + PER 53, 3)8) — 2P(VELA, Ay 56) 
+f2(VG4)(Ag¥ 98,8) ~ PUVG)(V 4h, Agf) = 0. (3.24) 
Taking inner-product of equation with G.(3) both sides, we obtain 


3 . . . . . . . . . 
¥ Pay (V5, 8) +? Pon (RW 56,5)8,8) ~ 2Paw((VE.)(B,Ag_,8),64(8)) 


B 
2 . . 
RFF" + fF") + BFL" + 2F) an (V 58,8) + PAP fon (W 38, 8) 


+2959 ((VG4)(AgV 36,8), Ga(B)) + fon ((VG.)(V 48, Ag8),Gx(8)) =0. (3.25) 


ae LSaenaee os 

Substituting the values of gv(V 48,8) = —gn(Ag8, 8), gn(Va8, B) = —K? — gn (vV 34,8, B) 
fe 2.4 fete 2 ag Rk 

— gn(AgV 28,8) and gn(Vg8,8) = —3KK! — gn(vVgvV 34,8, 8) — gn(vVjAgV 38, 8) - 


2 
gn(AgV ab, B) in equation (s.25} we obtain 
MF FY + fF) — PBF f" + 2F?)gn (Ag, B) — P4F fon (vV ZAg8, 8) 


= NAP fl? — 2A fg (Ag 56,8) — 2Bxn! f? — 22 fon (vV vV 5498, 8) 
2 . . . . . 
=)? fan (0V 54395, 8) ~ Paw (43¥ 55,8) ~ 27on((VG.)(8,Ay ,8),64(8)) 
B 


Te we. 33 ; he 4 : : 
+f? 95 ((VGs)(AgV 38, B), Gx(B)) + fon ((VGs)(V 58, Ag8), Gx(8)) = 0. (3.26) 
Using the orthogonal condition in equation (3.26), we have 


cere i ea = Af f'K? _ 3KK! f? = 2fan((VGs)(B, Aa Po G,(8)) 
B 


+f?99((VG,)(AgV 98, 8), Ge(8)) + Pon (VG) 98, 458),6.(8)) =0. (8.27) 


Since G is totally geodesic, then equation (3.27) reduces to (by using mapple), 


1 2 2 mn I pl 4 
n= iat | HU +f'f"\ds+O)h. (3.28) 


Theorem 3.1. Let G: (N,gn) > (N,gy) be a totally geodesic conformal submersion be- 


tween Riemannian manifolds (N,gn) and (N,gx). Then G maps horizontal bi-f-harmonic 


curve on (N,gn) to bi-f-harmonic curve on (N, gy). 
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_ ; ae ; 
Proof. Substituting the values of Va.(@yG«(P) = G,(V 28), V2,» Ge(8) = G,(V 4G) and 


A3 , 
G.(8) = G.(V 38) in equation 3.22), we get 


VG.) 
CFF" + FF GB) + BFF" + 2F?)V gig) Ge(B) + AFF'VG, (gy Ge(B) + PVE (5) Gx(8) 
+f2R(G4(V 5B), Ge(B))Gx(B) = (FF + FFG) + BFF" + 2F2)6.(V 68) 
+4f/'G.(V 48) + PG.T48) + PRCT 58), G4(8))G6(8): (3.29) 
Then using second part of Lemma|3.1]in the equation (3.29), we obtain 
CFF" + FPG (B) + (BFF + AF? VV Gy GelB) + FLV Gg) GeB) + PVE gy G6) 
+f?R(Ge(V j6), Ga(B))Gx(B) = (FF + FFB) + BFF" + 2F2)G2(7 68) 
44 f7'G.(0 5B) + POV 9A) + PGR 58,8)8) — 27(7G)(B, Ag 8) 
-2F°(VG,)(B, HV 8)-+ f2(WG.)(AgV 56,8) + f2(0VG.)(V 48, 498). (3.30) 
Now from equations and (3.30), we get 
CFF" + fFG(B) + BFF" + 2F?)V Gg, (g)Ge(B) + AFF'VG, (Ge (B) + PVE (5) Ge(8) 
+f?R(G¢(V 5B), Ge(B))G(B) = GL (FF + FFB) + BFF" + 2F2)(V 58) 
+4577 48) + PCG SB) + PRC 9B. BBY} — 2/°VGL)(B. Ag 8) 
+f2(VG.)(AgV 3,8) + PUVG.)(V 56, Ag8)- (3.31) 


Using the fact that § is a horizontal bi-f-harmonic curve on (N, gy), equation (3.31) reduces 


to 
FF" + FP VG(B) + (BFF + 2F)V Gay GulB) + AFP, (gy Ge(B) + 
PVG, (gel) + PRGAWV 56), Go(B))Gx(8) = Ge(0) — 8P(VGL)(B, Ag, 48) 
+f2°(VG4)(V 48, AgB). (3.32) 
Since G is a totally geodesic conformal submersion, therefore 
(FF + FF GB) + BEF" + 2F? Veg) GulB) + 4FF'VG, (5) G-(8) 


+P Ve. 4 Gx(8) + f?R(G.(V 8), Ge(B))G.(B) = 0. (3.33) 
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Theorem 3.2. Let G: (N,gn) > (N, gy) be a conformal submersion between Riemannian 
manifolds (N,gn) and (N,gy). Now, if 8 is a bi-f-harmonic curve on (N,gn) and 8 = Gof 


is a bi-f-harmonic curve on (N,gyx), then either 
Re x : 
ff + ff" —Af fir? — 8K! < 0 or gx ((VGs)(V 36, A’), Gx(8)) = 0. (3.34) 
Proof. Let 8 be a bi-f-harmonic curve on (N,gj), then 


FL" + FF Ga(B) + BFL" + 2F7)V gy Gu(B) + AF F'VG, (5) e(B) 


+ f°VE_(gGx(B) + P?R(Gs(V g8), Ge(8))G4(B) = 0. (3.35) 
i : : Re ie cai Re 3 
Substituting the values of Vg (3)Gs (8) = G.(V 38), Vig. (gy G#(8) = G,(V 48) and 
AS , 
— 3 —_ , . . 
VG.(g)G+(8) = G,(V 4) in equation 3.35). we get 


2 


A3 , _ A, : : 
+f?G(V 3B) + fPR(Gs(V 58), Gx(8))Ge(8) = 0. (3.36) 


Then substituting R(G.(V 48), Ge(8))Ge(B) = Ge(R(V 98, 8)B) — 2(0G.)(6, Ap ,f) 
B 


K 2 A. ; 
+ (VGi)(AgV 48, B) + (VG)(V 58, Ag2) in equation (3.36), we have 


. 2 i 3 . 
FF" + FEG(B) + BFF" + 2F2)G(V 98) + AFF Ga(V 58) + PE 58) 
+G,(R(V 98, 8)8) ~ 27°(VG.)(B,Ag 8) + F2(VG.)(A9%98,8) 
B 
+f2(VGz)(V 98, AgB) = 0. (3.37) 


Taking the inner-product of equation (3.37) with G,(3) both sides, we obtain 


(Ff + ff" \on(G«(B), Ge(B)) + BFF" + 2f)gn(Ga(¥ 96), G.(8)) 
A2, ; A3 , : he oe oe : 
+4f f'9m(Gs(V 58), Gx(B)) + £790 (Gs(V 58), Ge(B)) + fon (Gx(R(V 38, 2)8), Gx(8)) 


+299 ((VGu)(V 58, Ag), Gu(B)) = 0. (3.38) 
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Using the definition of conformal submersion in equation (3.38), we obtain 
Ae ve 4 es <3 
(FF + FPN + BFF" + 2f?) Man (V 48, B) + 4f fr? 9n(V 58, B) 


3 . . . . . . . . . 
+??gn (V8, 8) + Pon RV 38, 5)B, 8) ~ 2Paw((VE,)(B, Ag 48),G4(8)) 


6 


+ fae ((VG.)(AgV 98, 8), G(8)) + Pon ((VG)V 58, 458),6.(8)) =0. (8.39) 
A... AZ, , Aa, , 
Substituting gn(V 8B, B, gn(V 38,8) and gn(V 4, 8) in equation [3.30 we obtain 


+f?959((WGx)(AgV 9h, 8), Gx(B)) + Pon((VE2)(V 56,4 38),Ge(B)) =0. (3-40) 


(FF + FP) — Af fe — 3x0! PM? — 2PP9n((VG4)(B, A 
: i 
Then using the definition of totally umbilical i.e. Ae af = gn (V 58 Br. 
B 

A. : Rs . -_ 

A3V 8 = gn (8, V g8)H' and A,B = gn (8, )H"' in equation (3.20, we have 
A, . 
(fF + FP")? — Af fled? — Ban! ? + Pan ((VGs)(V 58, #),G4(8)) =0. (8.41) 


Since equation (3.41) is a quadratic equation in 4, therefore 


O+ act" 4 fl fl — Af fin? — 3x! f2) Pow ((VGa)(V 58, H"), G.(8)) 


r a Qf fl + ff"! —Af flr? — 3Kx! f?) (3.42) 
Since A is a positive real valued function, therefore 
ao : 
aff” + ff" — Af f’r? — 3Kn! f?) Pon ((VGs)(V 46, H’), Gx(B)) < 0. (3.43) 


Thus from equations (3.42) and (3.43), we can conclude that either (ff + f’ f” —4f f/x? — 
KR 4 : 
3Kx! f2) < 0 and 9n((VGs)(V 48, 1"), G.(B)) = 0 or (Ff" + ff! — Af fix? — 3xn!' f?) > 0 
A, 
and gx((VG.)(V 38, H’),G.(8)) < 0, to make A always positive. 


3.1. Characterization of bi-harmonic curves. A bi-harmonic curve (bi-1-harmonic curve) 
is a special case of bi-f-harmonic curve for f = 1. Let G: (N,gn) > (N,gx) be a con- 
formal submersion between Riemannian manifolds (N,gy) and (N,g,) such that 6 is the 


bi-harmonic curve on (NV, gj), then 
V8, 4 Ge(8) + RIG.(V 58), G.(B))G.(8) = 0. 


Theorem 3.3. Let G: (N,gn) > (N, gyn) be a conformal submersion between Riemannian 
manifolds (N,gn) and (N,gq). If 8 is a horizontal curve with curvature K on (N,g) and 


B =Go8 is a bi-harmonic curve on (N,g), then k is constant. 
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Proof. Let 8 is a bi-harmonic curve on (N,gjq), then taking f = 1 in equation (3.23), we 


have 
G.(V 8) + R(G«(W 58), Ga(B))Gx(8) = 0. (3.44) 


Using second part of Lemma [3.1] in equation (3.44), we get 


G98) + G(R 5.898) — 2006.13, Ae 8) 
+(VGu)(AgV 56, B)+ (VG.)(V 98, AG) = 0. (3.45) 
Taking inner-product of equation with G.(8), we obtain 
ay(Ga(¥ 58), Gx(8)) + an(Ga(RCT 33, BB), G.(8)) ~ 2ap (VE), Ag, ,8).04(8) 
+99((VG.)(Ag¥ 98, 5), Go(8)) + 99 ((VGe)(V 56, 4g6), Ga(B)) = 0. (3.46) 


Bee is ae des 
Using the definition of conformal submersion and gy (R(V a, 2)8, 8) = 0 in equation (3.46), 


we get 


A383. , ; . ; 
Man(V 58,8) — 2an((VG.)(8, Ay 48), G(8)) 


B 


+9((VG.)(A¥ 96, 8), Ga(8)) + 90 ((VG)(V 8, 4g8),G.(8)) =0. (3.47) 


A3,., _ — 
Substituting gv(V 38,8) = —3KK) — gn (¥V3, 8) and gn (VV 38, 8) = 0 in equation (3.47). 


we obtain 


—r73KK) — 29n((VGe)(8, Ax ip G,(8)) a an ((VG.)(AgV 5h, 8), G,()) 


B 
No : ; 

+9n((VG«)(V 38, Ag8), Gx(8)) = 0. (3.48) 

Since G be a totally geodesic conformal submersion i.e. second fundamental form is identi- 


cally zero, therefore equation (3.48) reduces to 


—73KK' = 0, —> & = constant. (3.49) 


Theorem 3.4. Let G: (N,gn) > (N,gy) be a totally geodesic conformal submersion be- 
tween Riemannian manifolds (N,gn) and (N,gq). Then G maps horizontal bi-harmonic 


curve on (N,gn) to bi-harmonic curve on (N, gy). 


248 B. PAL, M. KUMAR, AND 8S. KUMAR 


3 
Proof. Taking f = 1 and substituting Ve gy Ge(8) = G, (V6) in equation (3.33), we get 
_ : _ . . A3 ; 
+R(G,(V 36), Gx(8))G. (8). (3.50) 


Using the second part. of Lemma\3.1]in equation (3.50), we get 


A3, 
VG.) + R(G.(V 5), Ge(B))G(B) = G.(V gb 


+R(V55,8)8) - 3(VG.)(B, Ag 48) +(VE.)(V 58, 498). (3.51) 


B 
Using the fact that 6 is a horizontal bi-harmonic curve on (NV, gy), equation (3.51) reduces 


to 


VE. e(B) + RIGAT g), Gu(D)GB) = -8(VE)(B Ag 8 
+(VG.)(V 8, Ag8). (3.52) 

Since G is a totally geodesic conformal submersion map, therefore 
Vey Gu(B) + R(Gs(Vg), Ge(B))Gx(B) = 0 (3.53) 


Hence 8 is a bi-harmonic curve on (N, gy). 


4. HELICES AND CIRCLES ALONG THE CONFORMAL SUBMERSION 


Let 6: I > N be acurve, then ( is said to be a general helix if it satisfies the condition 
34 W978 


where K? = k? + 7? is a positive constant. Conversely, if the curve G = 8(s) satisfies the 


above condition, then it is an ordinary helix or a geodesic [18]. 


Theorem 4.1. Let G: (N,gn) > (N, gy) be a conformal submersion between Riemannian 
manifolds (N,gn) and (N,gx). Then, 8 =Gof is a helix on (N, gx) iff B is a horizontal 


curve of constant curvature on (N, gn). 
Proof. Let 8 be a helix on (N, gq), then 


VG.¢3) G48) + (H+ 7°)Vg (ay Ge(B) = 0. (4.54) 
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_ ‘ A383, 
Using v (ac (8) = G,(V 38) in equation (54), we get 


G.(V ab) + (2 +72)G.(V 98) = 0. (4.55) 


Taking inner-product of equation (4.55) with G,(8), we obtain 


A3, 
9n(Gx(Vg8), Ge(B)) + (K? +7? on (GE AW 52), Gx(B)) = 0. (4.56) 
Using the definition of conformal submersion in equation (4.56), we have 
3 . . 
Pan (098.8) + (m2 +7?)Paw(V58,8) =0. (4.57) 
A3 re: 


Substituting gv(V38,8) = —Bne!—aw (0V joV 998, 8)-av(oV Aa¥ 98, 8)—av( A938, 8) 
and gn (V 58; B) = —gn(AgB, B) in equation (4.57), we get 


= see = Man (vV gvV 5456, B) - Xn (vV §AgV 56,8) 
—N2gne(AgW 58,8) — (n2 +72) Pgne(Agf.8) = 0. (4.58) 
Using the condition of orthogonality in equation (4.58), we have 
3KK' = 0 —> & = C(constant). 


Conversely, assume that 8 be a curve of constant curvature on (N,gy) and B = Go B is 


a curve on (N,gx), where G : (N,gv) > (N,gy) be a conformal submersion and using 


equation (3.17). Then, we have 
_ . a 
VG ay GelB) + (KE + 7°)V eg (gy Ge(8) = GeV 58) + (6? + 7°)G4 (V5). 
(4.59) 


Taking inner-product of equation (4.59) with G,(8) both sides, we have 


9m (VegyGe(8) + (mK? +7?)Vg, (gyGe(B), Gx(B)) = 9n(Ge(V gB) + (0? +72)G,(¥98),6 
= ay (Ge(¥ 58), Ga(8)) + (n+ Prete @.(3)) 
= Ng (56,8) + (x? +72) aw (W568) 
= =2°3nn! — 2 gu (vV p0V p98, B) — gn (vV 5AgV 96,8) 


2 
= = gy(AgV 3h, B) — (x? +7) gn(Agh, 8) = 0. 
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Therefore 


Hence £ is a helix. 


Theorem 4.2. Let G : (N,gn) > (N,gy) be a totally geodesic conformal submersion be- 
tween Riemannian manifolds (N, gn) and(N,gx). Then G maps horizontal helix on (N, gn) 


to a helix on (N,gq)- 
= A383, 
Proof. From equation l.54 and using relation Ve ( G* (9) = G,(V 38), we get 
% ‘ a ; A3, Sgt 
Va, (3) G*(9) + (6° + 7°) Veg, gy G(B) = Ga(VgB + (6° +7°)V 58). (4.60) 


Since @ is a horizontal helix on (NV, gy), therefore equation (4.60) reduces to 


Vea Ge(B) + (6? + 77)VG, gy Gu(B) = 0. 


Hence, £ is a helix on (N, gw). 


Corollary 4.1. Let G: (N,gn) > (N,gy) be a conformal submersion map between two 
Riemannian manifolds (N,gn) and (N, gy) such that 8 is a helix on (N,gn). If 8B =GoB 


is a helix on (N, gy), then B is a helix of constant curvature on (N, gn). 


Proof. Since 8 is a helix on (N,g,), so 


Ve, G+(8) Ae? oe 7)V a, (3) Gx(B) = 0. (4.61) 
Z AO: A ; K 
Substituting the values of VG. (3) G8) = G,(V 3) and Va, (9)G«() = G..(V 58) in equation 
(4.61), we have 
A3 , By 
G.(Vg8) + (6? +77)G4(V 56) = 0. (4.62) 


Taking the inner-product of equation (4.62) with G,(8) both sides, we get 
AB , : A, ‘ 
9x (Gx(V 58), G(8)) + (K? +77) 957 (Ge(V 38), Ge(8)) = 0. (4.63) 
Using the definition of conformal submersion in equation (4.63), we obtain 
; KPa 4 o., eiyne oe Bes 
M+ gn(V 98, B) + (Ko + 7°) gn(V 48, B) = 0. (4.64) 


Aa, , Nek es 
Substituting the values of gv (V4, 8) and gn (Vb, G) in equation (1.64), we get the required 


result. 
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Theorem 4.3. Let G: (N,gn) > (N,gy) be a conformal submersion map between two 
) 


Riemannian manifolds (N, gn) and (N,gx) such that 8 is a circle on (N,gn). If 8B =Go8B 


is a circle on (N, gq), then curvature « = +1, where k is curvature of B. 


Proof. Let 2 is a circle on (N, gx), then 


VG, 4) G#(8) a In (Vg, (g) Fx(8)s Vig, (py + (8) Gx(B) = 0. (4.65) 
oe = ; A2 , a A. ; 
Substituting the values of Via.(a)" (8) = G,(V 6) and Va.(gyCr (8) = G.(V 38) in equation 
(4.65), we get 
AA. A, ae 
G.(V 48) + 997(Ge(V 96), Ga(V 98))Gs(B) = 0. (4.66) 


Using the definition of conformal submersion in equation (4.66), we get 


A2, Me AS . 
G.(VgB) + *(p)gn(V 58, Vg8)G4(8) = 0. (4.67) 
A.A, 
Substituting gn (V 38, V 32) = 1 in equation (4.67), we obtain 
A2, ‘ 
G..(V 38) + 7G. (B) = 0. (4.68) 
Taking inner-product of equation (4.68) with G,(8), gives us 
A2, ; 
9n(Gs(V 68), Gx(B)) + 9x (G+(8), Gs(B)) = 0. (4.69) 
Again using the definition of conformal submersion in equation (4.69), we have 


2 
Non (V a8, B) + 2gn(B, B) = 0. (4.70) 


AZ. , _ A .. 
Substituting the values of gv(V 38,8) = aK gn (vV 3438, 8) — gn(AgV 42, 2) and 


gn (8, 8) = 1 in equation (4.70), we get 
bo ha a ‘ 
—? — Ygy(vV 5458, 8) — Paw (4gV 8,8) +? =0. (4.71) 


-_ Ke & 2 
Since gn(vV ,A38, 8) = 0 and gn (AgV 38, B) = 0. Thus from equation (4.71), we get the 


required result. 


Theorem 4.4. Let G : (N,g) — (N,gyw) be a conformal submersion map between two 


Riemannian manifolds (N,g) and (N, gx). If 8 is a circle on (N,g) and 8 = GoB is a circle 


on (N,gx), then either \= +k or \=0, where & is curvature of 8 on N. 
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Proof. Considering the definition of conformal submersion in equation (4.66), we get 
A2, i Kon 

G.(VgB) + 2gn(V 48, Vg8)G.(8) = 0. (4.72) 
Taking inner-product of equation (4.72) with G,(8), gives us 

: ; fe sg Dw ; ; 

gn (Gx(V 8), Ge(B)) + gn (V 58, Vg8)9n(Ge(B), Gx(8)) = 0. (4.73) 
Bo Bs te 
Since, gn(V 38, V8) = 1 and gn (6,8) = 1, therefore equation {4.73} reduces to 
2 


Xow (Vb, B) +7? =0. (4.74) 


ae a A... 
Taking gn(V38,8) = == gn (vV ,AgB, B) — gn(AgV 42, 8) in equation (1.74), then we 


have 
—)2(n2 + gu (vV 5Ag6,8) + gn(Ag¥ 56,8) +222 = 0. (4.75) 
Substituting gn (vV gAgB, B) = 0 and gn (Ag 96, 8) = 0 in equation (4.75), we get 
SEN ENS So. (4.76) 


As equation (4.76) is quadratic in ?, therefore 
K2 rv KA 


(4.77) 


Thus, from equation (4.77), we can say that either \ = + or A= 0. 


5. HYPERELASTIC CURVE ALONG THE CONFORMAL SUBMERSION 


In this section, we study the hyperelastic curve along the conformal submersion. 


Theorem 5.1. Let G: (N,gn) > (N, gx) be a conformal submersion between Riemannian 
manifolds (N, gn) and (N,gq). If 8 is a hyperelastic curve on (N,gn) and B =GoB isa 


hyperelastic curve on (N, gx), then 


(—2(r — 2)a"—1 ne! — 3a" 1!) dA? + ?(8(27=* a” + B)) 


+k"? 95 ((VGs)(—* (854), 8), Ge(B)) = 0, (5.78) 


where r > 2 is a natural number. 
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Proof. Let 3 is a hyperelastic curve on (N, gx), then from [33], we have 


oo + Va. (g)(uGs(8)) 


KRW, 9)Gu(B), Gu(B))Ga(B) = 0. (5.79) 


z ‘ De sn om _ ‘ AB , 
Substituting Va, (gy) G«(P) = G.(V 38), VG.¢3) "Vg. (a) G+(8)) =K-"G, Want 
Ng A, 
(r — 2)(r — 3)K?~4(K!)?G(V 8) + (7 — 2) P"G(V 48) + (7 — 2)KTFu'Gs (058) + 
APs 7 ; : 
(r — 2)K"«'G(V 48) and Va, () UG+(8)) = G.(V 348) in equation 5.79}, we have 


2 
(r — 2)(r — 8)? —4n!9G (V8) + (rn — 2) x" 8R"G(V 58) + 2(r — 2)? 20 G (V8) 


AS _ A, . : : 
+4'-2G, (V8) + w” RGB), G(B))G.(B) + GV gud) =0. (5.80) 
Taking inner-product of equation (5.80) with G,(8) both sides, we get 


((r — 2)(r — 8)K"~4n? + (7 — 2)K" Sn" on (G Av se «(B)) 
A2, 
+2(r — 2)" 3K! 97 (Gx(V 38), Gx(B)) + "295 (G (9 58),6 «(8)) 
+4295 (R(Ge(V 48), Ga(B))Ge (8), Gx(B)) + gn (Ge(V 548), G(B)) =0. (5.81) 


Substituting gy(R(G.(V V 56),G (B))Gs(B), Ga(B)) = —2a9((VG)(Ag,_ 8, 8), Gu(B)) + 
B 


A. . 
an (VGs) (Ag 98, 8), G.(8))+9n((VGs)(Agh, V 38), Gs(8)) and using the definition of con- 
formal submersion in equation (5.81), we get 


LP AZ. , 
“gn (Vg, 8)((r — 2)(r =~ An + 6? Mg (VB, B) + (7 — 2)K7 Pn") 
42(r = 2)x"-Se/A2gy(O 48,8) ~ In? 2ge((VCQ)(A 4 gg) G-(8)) 


+629 ¢((VG,)(Ag¥ gb, 8), Gx(8)) + 2am (V gu8, B) 
+49 ((VG,)(Ag, Ve), Ge(3)) =0. (5.82) 


Substituting the values of 
Re ex & a Az. , Par A & 
A383. , — ae Aa, , 
gn(V 6B, B) = —3KK! — gn (vV gvV 3438, 8)—gn(vV g43V 4B, B) —gn(AgV 48, 8) in equation 
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(5.82), we obtain 


—2(r — 2)KP—1 ld? — BI ld? — 2K" gn ((VGs)(Ax 
B 


48): G«(8)) 


+g (WV yu, 8) = 0. (5.83) 
A, A, 
Since V,u8 = (6(24 1K? + b))B + (A=4K" + b)V 38, where p = 271" + b, therefore from 
equation (5.83), 
—2(r = 2)aP RIN — BKM ERA — Del gu ((VGs)(An {PP 8), G(8)) 
B 


+295 ((VG,)(A gb, V 98), Gx(B)) + Pon ((B(2t=2K” +8) 
+ (22m b)V 56,8) =0. (5.84) 
Using the totally umbilical conditions An iP = gn (V6, BVH’, Vv Vb, Be ['(kerG.)+, 
B 
where H’ = —¥(V 337) and A; 5V 8 = gn (3, ¥ 3) H! in equation (5.84) we get 
(—2(r = 2)n"—1n! — Ba? IW)? — w2gn(V 48, Baw ((VGa)(H", B), Gx(8)) 
+429 (8, B)gse((VGx)(H', ¥ 58), Ga(B)) + 2(B(2=2K” + 8) gn (3, B) 

+7(2=1K" + b)gn(V V 53,8) =0. (5.85) 

Substituting H’ = —~* (64) and gn(AgB, B) = 0 in equation (5.85), we obtain 

—)?(2(r — 2)K r—1 kK! + 3K77 1 K!) + A2(6(24 1 KT + b)) 


+n 95-((VG,)(—* (84), 8), G.(B)) = 0. (5.86) 


Hence the proof. 


Corollary 5.1. Let G: (N,gn) > (N,gy) be a conformal submersion between Riemannian 
manifolds (N,gn) and (N, gq) such that 8 is a elastic curve on (N,gn). If8 =Go8 isa 
elastic curve on (N, gq), then 


ee | 


aw ((VGs)(—F (B5g): B)G«(B)) = 0. (5.87) 


Proof. Substituting r = 2 in equation (5.78), we have 


2 
—3nn!? + ay ((VGx)(~4-(Bsq): 8), G(B)) +B n? +5) =0. (5.88) 


Substituting the value of B(3K? +b) = 3«x’ in equation (5.88), we get the required result. 


INT. J. MAPS MATH. (2024) 7(2):236-257 / STUDY OF SOME CURVES ALONG CONFORMAL — 255 


Acknowledgments. The authors wish to express their sincere thanks and gratitute to 


the referees for their valuable suggestions toward the improvement of the paper. The first 


author would like to thanks ‘Incentive Grant’ under IoE Scheme of BHU and the second 


would like to thanks university grant commission of India for their financial support Ref. 


No. 1179/ (CSIR-UGC NET JUNE 2019). 


10 


11 


12 


13 
14 


15 


16 


REFERENCES 


Abe, N., Nakanishi, & Yamaguchi, Y. S. (1990). Circles and spheres in Pseudo-Riemannian geometry. 
Aequationes Math., 39 (2), 134-145. 

Adachi, T. & Maeda, S. (2005). Characterization of totally umbilic hypersurfaces in a space form by 
circles. Czechoslovak Math. J., 55, 203-207. 

Arroyo, J., Garay, O. & Mencia, M. (2002). Closed free hyperelastic curves in real space forms. Proceeding 
of the XJI Fall Workshop on Geometry and Physics, 1-13. 

Baird, P. & Wood, J. C. (2003). Harmonic morphisms between Riemannian manifolds. Clarendon Press, 
Oxford. 

Chen, B. Y. (1991). Some open problems and conjectures on submanifolds of finite type. Soochow J. 
Math., 17, 169-188. 

Eells, J. & Sampson, J. H. (1964). Harmonic mapping of Riemannian manifolds. Amer. J. Math., 86, 
109-160. 

Ekmekci, N. (2001). On general helices and submanifolds of an indefinite-Riemannian manifold. An. stiint. 
Univ. Al. I. Cuza Iasi. Mat. (N.S.), 46 (2), 263-270. 

Erdogan, F. E. & Sahin, B. (2002). Isotropic Riemannian submersions. Turkish Journal of Mathematics, 
44 (6), 2284-2296. 

Fuglede, B. (1978). Harmonic morphisms between Riemannian manifolds. Annles de I’ institut Fourier, 
28, 107-144. 

Garay, O. (2021). Riemannian submanifolds shaped by the bending energy and its allies. Proceedings of 
The Sixteenth International Workshop of Diff. Geometry, 16, 57-70. 


Gray, A. (1967). Pseudo-Riemannian almost product manifolds and submersions. J. Math. Mech., 16, 
715-737. 
Gudmundsson, S. (1990). On the geometry of harmonic morphisms. Mathematical Proceedings of the 


cambridge Philosophical Society, 108 (3), 461-466. 

Ikawa, T. (1981). On some curves in Riemannian geometry. Soochow J. Math., 7, 37-44. 

Ishihara, T. (1979). A mapping of Riemannian manifolds which preserves harmonic functions. J. Math 
Tokyo University, 19, 215-229. 

Ivey, T. & Singer, D. (1999). Knot types, homotopies and stability of closed elastic rods. Proceedings of 
the London Mathematical Society, 79 (2), 429-450. 

Jiang, G. Y. (1986). 2-harmonic maps and their first and second variational formulas. chinese Ann. Math. 


Ser. A, 7, 389-402. 


256 


17 


18 
19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 
32 


33 


34 


35 


36 


37 


B. PAL, M. KUMAR, AND 8S. KUMAR 


Kim, H. S., Lee, G. S., & Pyo, Y. S. (1997). Geodesics and circles on real hypersurfaces of type A and B 
in a complex space form. Balkan J. Geom. Appl., 2 (2), 79-89. 

Kobayashi, S. & Nomizu, K. (1963). Foundations of differential geometry . Vol I, New York, Interscience. 
Koprulu, G. & Sahin, B. (2024). Biharmonic curves along Riemannian Submersions. Miskolc Mathemat- 
ical Notes, Inpress. 

Langer, J & Singer, D. (1984).The total squared curvature of closed curves. Journal of Differential 
Geometry, 20, 1-22. 

Langer, J. & Singer, D. (1984). Knotted elastic curves in R?. Journal of the London Mathematical Society, 
2 (3), 512-520. 

Lu, W. J. (2015). On f-bi-harmonic maps and bi-fharmonic maps between Riemannian manifolds. Sci. 


China Math., 58, 1483-1498. 


Maeda, S. (2003). A characterization of constant isotropic immersions by circles. Arch. Math. (Basel), 
81 (1), 90-95. 
Murathan, C. & Ozdamar, E. (1992). On circles and spheres in geometry. Comm. Fac. Sci. Univ. Ankara 


Ser. Al Math. Statist., 41, 49-54. 
Neill, B. O’. (1966). The fundamental equations of a submersion. Michigan Math. J., 13 (4), 459-469. 


Nomizu, K. & Yano, K. (1974). on circles and spheres in Riemannian geometry. Math. Ann., 210, 163-170. 

Okumura, K. & Maeda, S. (2012). Three real hypersurfaces some of whose geodesics are mapped to circles 
with the same curvature in a nonflat complex space form. Geom. Dedicata, 156, 71-80. 

Ornea, L. & Romani, G. (1993). The fundamental equations of conformal submersions. Contributions to 
Algebra and Geometry, 34 (2), 233-243. 

Ozdeger, A. & Senturk, Z. (2002). Generalized circles in weyl spaces and their confomal mapping. Publ. 
Math. Debrecen, 60, 75-87. 

Perktas, S. Y., Blaga, A. M., Erdogan, F. E. & Acet, B. E. (2019). bi-fharmonic curves and hypersurfaces. 
Flomat, 33 (16), 5167-5180. 

Popiel, T. & Noakes, L. (2007). Elastica in SO(3). J. Aust. Math. Soc., 83 (2007), 105-124. 

Quakkas, S., Narsi, R. & Djaa, M. (2010). On the fharmonic and f-bi-harmonic maps. J. P. J. Geom. 
Topal., 10 (1), 11-27. 

Sahin, B., Tiikel, G. 0. & Turhan, T. (2021). Hyperelastic curves along immersions. Miskolc Mathematical 
Notes, 22 (2), 915-927. 

Sahin, B. (2017). Riemannian submersions, Riemannian maps in Hermitian geometry, and their applica- 


tions. Academic Press. 


Singer, D. (2008). Lectures on elastic curves and rods. In AIP Conference Proceedings American Institute 
of Physics. 
Tiikel, G. O., Turhan, T. & Yucesan, A. (2019). Hyperelastic Lie quadratics. Honam Mathematical 


Journal, 41 (2), 369-380. 
Zawadzki, T. (2004). Existence conditions for conformal submersions with totally umbilical fibers. Dif 


ferential Geom. Appl., 35, 69-84. 


INT. J. MAPS MATH. (2024) 7(2):236-257 / STUDY OF SOME CURVES ALONG CONFORMAL _ 257 


38] Zawadzki, T. (2000). On conformal submersions with geodesic or minimal fibers. Ann. Global Anal. 
Geom., 58, 191-205. 

39] Zhao, C. L. & Lu, W. L. (2015). Bi-fharmonic map equations on singly warped product manifolds. Appl. 
Math. J. chinese Univ., 30 (1), 111-126. 

40] Ozkan, T. G., Sahin, B., & Turhan, T. (2023). Certain curves along Riemannian submerssions. Filomat, 
37 (3), 905-913. 

41] Turhan, T., Tiikel, G. O., & Sahin, B. (2022). Hyperelastic curves along Riemannian maps. Turkish 


Journal of Mathematics, 46 (4), 1256-1267. 


DEPARTMENT OF MATHEMATICS, INSTITUTE OF SCIENCE, BANARAS HINDU UNIVERSITY, VARANASI- 


221005, INDIA 


DEPARTMENT OF MATHEMATICS, INSTITUTE OF SCIENCE, BANARAS HINDU UNIVERSITY, VARANASI- 


221005, INDIA 


DEPARTMENT OF MATHEMATICS, GOVT. DEGREE COLLEGE HARIPUR (GULER), HIMACHAL PRADESH 


UNIVERSITY, SHIMLA, KANGRA-176033, INDIA 


of My 
S 
zs 


International Journal of Maps in Mathematics 
Volume 7, Issue 2, 2024, Pages:258-272 
E-ISSN: 2636-7467 


www.journalmim.com 


GENERALIZED TANAKA-WEBSTER CONNECTION ON 6-KENMOTSU 
MANIFOLDS 


SHIVANI SUNDRIYAL?* [©] anp ABDUL HASEEB? i 


ABSTRACT. This research paper aims to study the postulates of the generalized Tanaka- 
Webster connection (briefly, gT Wc) on 8-Kenmotsu manifolds. We find the curvature prop- 
erties of a 6-Kenmotsu manifold concerning gT!Wc, and studied the conditions for the 
o-projectively flat, ¢-conformally flat and ¢-concirculary flat 6-Kenmotsu manifolds along 
with the same connection. Also, we have discussed the €-flat properties on same curvatures 
for the 6-Kenmotsu manifold admitting gTWc. At the end we provide an example to verify 
some of our results. 

Keywords: (6-Kenmotsu manifold, generalized Tanaka-Webster connection, curvature ten- 
sor, 7-Einstein manifold. 
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1. INTRODUCTION 


The generalized Tanaka-Webster connection (gTWc) is a canonical affine connection de- 
fined on a non-degenerated pseudo-Hermitian CR-manifold. The gTWce was introduced by 
Tanno [23] as a generalization of the connections defined at the end of 1976 by Tanaka in [22] 
and Webster in [25]. These connections coincide with the Tanaka-Webster connection (TWc) 
if the associated CR-structure is integrable. Many geometers studied some characterizations 


of the gTWc on various manifolds. Recently, S.Y. Perktas et al. [18], Ghosh and De [5} [7], 
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Gautam et al. [6], Ayar and Cavusoglu [2], and many others have studied the properties of 
this connection on distinct structures. Also, see [16]. 

Kenmotsu [13], introduced a new class of almost contact Riemannian manifolds, known 
as the Kenmotsu manifold. As it is well known, odd-dimensional spheres permit Sasakian 
structures, but odd-dimensional hyperbolic spaces do not admit Sasakian structures but do 
have Kenmotsu structures. Kenmotsu manifolds are normal almost contact Riemannian 
manifolds. The basic fundamental properties of the local structure of such manifolds were 
investigated by many geometers. In general, the Kenmotsu manifolds are locally isometric 
to warped product spaces with one-dimensional bases. Oubina introduced the notion of 
trans-Sasakian manifolds of type (a, (), which is the generalization of Kenmotsu manifolds 
and Sasakian manifolds, and are closely related to the locally conformal Kahler manifolds. 
A trans-Sasakian manifold of type (0,0), (a,0) and (0, 8) are, respectively called, the cosym- 


pletic, a-Sasakian and 6-Kenmotsu manifold, where a and { be some scalar functions. In 


particular, if a = 0, 6 = 1; a = 0, 6 is non-zero constant and a = 1, 8 = 0 then a trans 


Sasakian manifold will be a Kenmotsu; homothetic Kenmotsu manifold and Sasakian mani- 
fold, respectively. G-Kenmotsu manifolds have been studied by several authors, like Bozdag 
et al. [8], Hui and Chakraborty [Ii], Kumar [15], Shaikh and Hui [19] and Mobin et al.[I]. 
We recommend the papers [8} {9} {10} for more related stidies and references therein. 


2. PRELIMINARIES 


In this section, we review basic definitions and results that are needed to state and prove 
our results. 
A (2n + 1)-dimensional smooth differentiable manifold M is said to be an almost contact 


metric structure (¢,€,7,g) if the following conditions are satisfying 


PX =-X+A(X)E, n(E)=1, 6€ =0, nog=0, (2.1) 
WX,Y) = G(X, 6Y) + (X)n(¥), (2.2) 
(X,Y) = —g9(OX,Y), (2.3) 

WX, §) = 0(X) (2.4) 


for all X,Y, Z on M, where ¢ is a (1, 1)-tensor field, € is a vector field and 7 is a 1-form. An 


almost metric manifold M is said to be a 6-Kenmotsu manifold if it satisfies 


(Vx@)¥ = Blg(oX, YE — (VY) ox], (2.5) 
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(Vxn)Y = Blg( X,Y) — n(X)n(¥)I, (2.6) 
Vxé = BX — (X) 6], (2.7) 
where V is a Levi-Civita connection. 
If 6 =1, then M is called a Kenmotsu manifold, and if 6 is constant then M are named 


homothetic Kenmotsu manifolds and provide a large variety of Kenmotsu manifolds. In a 


6-Kenmotsu manifold M, the following relations hold: 
R(X, YE = —B?[n(V¥)X — n(X)¥] + (XB){Y — n(V)E} — (VB){X — 0X), 
R(E, X)Y¥ = {6? + EB}[n(V)X — 9( X,Y], 
Ric(X, €) = —{2n8? + €8}n(X) — (2n - 1)(X8), 
Ric($X, dY) = Ric(X,Y) + {2n8? + €8}n(X)n(Y) + (2n—-1)(XH)n(Y), (2.8) 
where X(3) = g(X, DG), D is the gradient operator of g. 
An M is said to be 7-Einstein if its Ricci tensor Ric(4 0) satisfies 
Ric(X, y) = ag(X, Y) a bn(X )n(Y), 
for any vector fields X and Y on M, where a and b are smooth functions on M. 
The gT Wc V for a contact metric manifold M is given by [23], 
Vx¥ = VxY ~—n(¥)Vxé + (Vn) (YE + 0(X)d¥ (2.9) 


for all X, Y on M. 


3. B-KENMOTSU MANIFOLDS CONCERNING V 


In this section, we prove that the gTWc V is a metric connection; and moreover, we obtain 
an expression of the torsion tensor T on the manifold. 
Let M be a (2n + 1)-dimensional $-Kenmotsu manifold. The gTWe V on an M is given 
by 
Vx¥ =VxY — Bnl¥)X + Bg(X, YE + 0X) 0Y, (3.10) 


where (2.6),(2.7) and (2.9) being used. 
Now putting Y = € in (3.10) and using (2.1), and (2.4), we get 


Vxé=0. (3.11) 


From (2.9) and (2.3), we find 


(Vxn)Y =0. (3.12) 
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Also, from and (2.5), we find 


(Vxg)(¥, Z) =0. (3.13) 


Thus, in the view of (3.11), (3.12) and (3.13), we can state the following: 


Proposition 3.1. In an M, € and 7 are parallel with respect to V, which is a metric 


connection. 


Proposition 3.2. In an M, the integral curves of a vector field € are geodesic concerning 


the gTWc V. 


Now, since the connection V is metric, so the torsion tensor T of V is given by 


T(X,Y) =VxY —VyX. (3.14) 
From (8.10) and (3.14), we get 
T(X,Y) = B{n(X)¥ — (¥)X} + 9(X) OY — (VOX. (3.15) 
Since, we know 
GVXY,Z) = gVx¥.Z) + slo(P(XY),2)-9F(XZ)Y) (8.16) 
—9(T(Y, Z), X)]. 


Using (3.15) in (3.16), we get (3.10). Hence, we can state: 


Theorem 3.1. The gTWc V associated with the connection V is a unique affine connection, 
which is metric and its torsion is of the form T(X,Y) = B{n(X)Y — n(Y)X}+n(X)oY — 
MY ox. 


4. CURVATURE PROPERTIES OF G-KENMOTSU MANIFOLDS CONCERNING V 


In the currect section, we establish the relationships between R and R; Ric and Ric; and 
s and § with respect to V and V. 


The Riemannian curvature tensor with respect to V on M is given by 


R(X, Y)Z =VxVyZ —-VyVxZ — Vix yZ. (4.17) 
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By using (3.10), (4.17) takes the form 


R(X,Y)Z = R(X,Y)Z+ X(B){g(¥, Z)E-n(Z)Y} (4.18) 
-¥ (B){9(X, Z)E — (Z)X} + B{G(Y, Z)X — g{X, Z)Y}, 


where R(X, Y)Z = VxVyZ— VyVxZ— Vix,y]Z- 
The inner product of (4.18) with W yields 


R(X,Y,Z,W) = R(X,Y,2,W) + X(B){9(% Z)n(W) — 0(Z)9(¥, W)} 
—Y(B){9(X, Z)n(W) — (2) 9(X,W)} (4.19) 
+B°{9(¥, Z)g(X,W) — 9(X, Z)9(¥, W)}, 
where R(X, Y, Z,W) = g(R(X,Y)Z, W). 


Let {e;,€ a be the set of orthonormal basis of tangent space at each point of the manifold, 


then contracting (4.19) over X and W, we get 
Ric(Y, Z) = Ric(Y, Z) + 2n679(Y, Z). (4.20) 
From (4.20) it follows that 
OZ = OZ + 2np*Z, (4.21) 
where Ric(Y, Z) = g(QY, Z). 
Also, the scalar curvature § is given by, 
8=s+2n(2n + 1)6. (4.22) 


Hence, we can state: 


Lemma 4.1. In an M admitting V and 8=constant, we have 
e The curvature tensor R. is given by (4-18), 
e The Ricci tensor Ric is given by and it is symmetric, 
e The Ricci operator O is given by (4.21), 
e The scalar curvature § is given by (4.22). 


Lemma 4.2. In an M admitting V, we have 


© R(X, Y)E=0, 
eROGYIZ ERY XZ SU, 
© R(X,Y)Z+ RY, Z)X + R(Z,X)Y =0, 
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e Ric(Y,€) = 0 if B is constant. Otherwise, Ric(Y,€) = —(€B)n(Y) — (2n — 1)(X8), 
for all X,Y,Z € x(M). 


5. PROJECTIVE CURVATURE TENSOR IN B-KENMOTSU MANIFOLDS CONCERNING Vv 


Let M be a (2n + 1)-dimensional Riemannain manifold. If there exists a one to one 
correspondence between each coordinate neighbourhood of M and a domain in Euclidean 
space such that any geodesic of the Riemannian manifold corresponds to a straight line 
in the Euclidean space, then M is said to be locally projectively flat. For n > 1, M is 
locally projectively flat if and only if the projective curvature tensor vanishes. The projective 


curvature tensor P, with respect to the Levi-Civita connection V is defined by 
1 
P(X, Y)Z = R(X, Y)Z- 5, tic Z)X — Ric(X, Z)Y}, (5.23) 
n 


for all X, Y on M, where R are Ric are the Riemannian curvature tensor and the Ricci 


tensor, respectively. 


Definition 5.1. A G-Kenmotsu manifold M is said to be €-projectively flat with respect to 
V if 


Pix ye =0, 
where P,(X, Y)Z is the projective curvature tensor of dimension (2n + 1) concerning V and 
is given by 
P\(X,Y)Z =R(X,Y)Z— = {Riel ¥, Z)X — Ric(X, Z)Y}, (5.24) 
for all X,Y,Z € x(M). 


Theorem 5.1. An M of dimension (2n + 1) is €-projectively flat with respect to V if and 


only if it is €-projectively flat with respect to V, provided B is constant. 


Proof. From (4.18), (4.20) and (5.24), we have 


P(X,Y)Z = P(X,Y)Z+ X(8){9(V, Z)E- MZ) 4 (5.25) 
—Y(B){G(X, Z)E— n(Z)X}, 


where P;(X,Y)Z is defined in (5.23). Now, putting Z = € in (5.25), and considering 6 as a 


constant, we get 


Pi Y \e = PilX, ¥ Ee. 
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Definition 5.2. A 8-Kenmotsu manifold M satisfying the condition 
(P(X, 6Y)$Z) =0 
is called $-projectively flat with respect to V. As we know that 
$?(Pi(bX, bY )6Z) = 0 <=> g(Pi(GX, bY) OZ, OW) = 0 (5.26) 
for all X,Y,Z,W € x(M). 


Theorem 5.2. Let M be a (2n + 1)-dimensional $-projectively flat 8-Kenmotsu manifold 


with respect to V and 8 is constant. Then M is an y-Einstein manifold. 


Proof. Let M be a ¢-projectively flat 6-Kenmotsu manifold with respect to V, then (5.26) 


holds. Thus, from and (5.26), we have 
g(R(OX, dY)6Z,0W) = 5 {Ric(6Y, 62Z)9(6X, W) — Ric( OX, 62)9(d¥, 0W)}, 
which by using and (4.20) turns to 
G(R(6X, Y)OZ,6W) = —B{g(6Y, 62) 9( 4X, 9W) — 9X, 6Z)9( GY, OW)} (5.27) 
+5. {Ric(4¥, 6Z)g(6X, 6W) + 2nB?g(d¥,42)a(bX, 6W) 
—Ric( 9X, Z)9(d¥,0W) — 2n5*9( 6X, 6Z)9(4Y, 6W)}. 


Now choosing a set {e;, de;,€}(1 < 7 < 2n) as an orthogonal basis of M, by contracting 
(5.27) over X and W, we obtain 


Ric($Y,6Z) = —(2n6" + €8)g(GY, 62) 
+5-{(2n — 1)Ric($Y, 6Z) + 2n(2n — 1)6?g(#Y, oZ)}. 
This implies 
Ric($Y, 92) = —(3° + £8)g(GY, 62). (5.28) 
By using and in (5.28), we have 
Ric(Y, Z) = —(8 + €B)g(¥, Z) — (2n — 1)6?n(¥)n(Z) — (2n — 1)Y(8)n(Z). (5.29) 
Now, if 6 is constant, then (5.29) reduces to 


Ric(Y, Z) = —6?9(Y, Z) — (2n — 1)6?n(Y)n(Z). 


Thus M is an 7-Einstein manifold. 
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6. CONCIRCULAR CURVATURE TENSOR IN 0-KENMOTSU MANIFOLDS CONCERNING V 


A transformation of a (2n + 1)-dimensional Riemannian manifold M, which transforms 
every geodesic circle of M into a geodesic circle, is called a concircular transformation [14] [27]. 
A concircular transformation is always a conformal transformation [14]. Here geodesic circle 
means a curve in M whose first curvature is constant and second curvature is identically 
zero. Thus the geometry of concircular transformations, i.e., the concircular geometry, is 
generalization of inversive geometry in the sense that the change of metric is more general 
than induced by a circle preserving diffeomorphism. An interesting invariant of a concircular 
transformation is the concircular curvature tensor with respect to the Levi-Civita connection 


and is defined by 


s 


P(X, Y)Z = R(X, Y)Z — 2n(2n — 1) 


{g(Y, Z)X — g(X, Z)Y}, (6.30) 


for all X, Y and Z on M, where s is the the scalar curvature with respect to the Levi-Civita 


connection. 
Definition 6.1. A 8-Kenmotsu manifold M satisfying the condition 
@? (P(X, 6Y)$Z) =0 


is called @-concircularly flat with respect to V, where PA(X, Y)Z is the concircular curvature 


tensor of dimension (2n +1) with respect to V and is given by 


s 


P)(X,Y)Z = R(X, Y)Z— Inn 1) 


{g(¥, Z)X — g(X, Z)Y}. (6.31) 
As we know that 

0° (Po(@X, dY)6Z) = 0 <=> g(P2(X, dY)$Z, dW) = 0, (6.32) 
for all X,Y,Z,W on M. 


Theorem 6.1. Let M be a (2n + 1)-dimensional $-concircularly flat B-Kenmotsu manifold 


with respect to V and 8 is constant. Then M is an y-Einstein manifold. 


Proof. If M is a ¢-concircularly flat with respect to V, then (6.32) holds. Thus, from (6.31) 


and (6.32), we have 


g(R(PX, bY )bZ, dW) 


mln cy im” oZ)g(oX, oW) (6.33) 


—9(9X, 62) g(bY, W)}. 
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By using (4.18) and (2.2) in (6.33), we have 


G(R(X, $Y)bZ, dW) = —8°{g(bY, 62Z)g(oX, dW) — 9(6X, 62) g(4Y, 6W)} 


s+ 2n(2n + 1)6? 


= Son cay L9(o¥ $2)9(8X, 00) (6.34) 


—9(eX, 62) g( bY, oW)}. 


Now choosing {e;, de;,€}(1 < i < 2n) as a set of orthogonal basis of M and contracting 
(6.34) over X and W, we obtain 


Ric($Y, 62) = (= + (6° — €8))9(6Y, 62). (6.35) 
By using and in (6.35), we have 
Ricl¥,Z) = (= + (B—€8))9(¥Z) — (G+ 2n+1)8?)n(V)n(Z)_—_ (6.36) 


—(2n — 1)¥ (8)n(Z). 
Now, if 8 is constant, then (6.36) reduces to 


Rie(¥,Z) = (5— + B°)g(¥, Z) — (S— + (2m + 1)8?)B?n(¥ n(Z). 


The above equation shows that M is an n-Einstein manifold. 


7. CONFORMAL CURVATURE TENSOR IN B-KENMOTSU MANIFOLDS CONCERNING V 


If the Riemannian metric g on a manifold M is conformally related with a flat Euclidean 
metric, then g is called conformally flat. A Riemannian manifold equipped with a confor- 
mally flat Riemannian metric is named a conformally flat manifold. By using conformal 
transformation, Weyl introduced a generalized curvature tensor which vanishes when- 
ever the metric is conformally flat. Due to this reason it is called confomal curvature tensor. 
It is well-known that a Riemannian manifold M of dimension (2n + 1) is conformally flat if 
and only if the Weyl conformal curvature tensor field P3; vanishes for the dimension > 3. The 


conformal curvature tensor P3 in a (2n + 1)-dimensional Riemannian manifold is defined by 


P(X,Y)Z = R(X,Y)Z— { Ric(Y, Z)X — Ric(X, Z)Y + g(Y, Z)QX 


2n—1 


mma ay Z)X — G(X, Z)Y}, (7.37) 


for all vector fields X,Y,Z on M, where R, Ric, QO, and s be the Riemannian curvature 


tensor, the Ricci tensor, the Ricci operator, and the scalar curvature, respectively. 
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Definition 7.1. A 6-Kenmotsu manifold M is €-conformally flat with respect to V if 


P3(X,Y)E = 0, 
where P3(X,Y)Z is the conformal curvature tensor of dimension (2n +1) with respect to V 
and is given by 


P(X,Y)Z = R(X,Y)Z- { Ric(X, Z)X — Ric(X, Z)Y + g(Y, Z)OxX 


1 
(2n — 1) 


a Ss 
—9(X, Z)QY } + an 


Infan 2) Ih AX — WX ZV} (7.38) 


for all X,Y,Z on M. 


Theorem 7.1. A (2n+1)-dimensional 3-Kenmotsu manifold with respect to V is €-conformally 


flat iff it is €-conformally flat with respect to V, provided 8 is constant. 


Proof. From (4-18), and (7.38), we have 


PIX,Y)Z = P3(X,Y)Z+ X(B){9(¥, Z)E- MZ) I (7.39) 
—Y(B){G(X, Z)E— (Z) Xf, 


where P3(X,Y)Z is defined by (7.37). By putting Z = € in (7.39), and considering 6 as a 


constant, we get 


PX, YE = P(X, YE. 


This completes the proof. 


Definition 7.2. A 8-Kenmotsu manifold M is called ¢-conformally flat with respect to V if 
$° (P(X, dY OZ) = 0 <=> g(P3(oX, dY OZ, dW) = 0, (7.40) 
for all X,Y,Z,W € x(M). 


Theorem 7.2. Let M be a (2n + 1)-dimensional ¢-conformally flat B-Kenmotsu manifold 


with respect to V and 8 is constant. Then M is an y-Einstein manifold. 


Proof. If M is a ¢-conformaly flat, then in the view of equation and (7.40), we have 
g(R(6X, dY)6Z,0W) = 5 -{Ric(d¥,42Z)o(6X, OW) — Kiel OX, 6Z)g(4Y, 6W) 
+9(dY, 6Z)Ric(oX, dW) — g(oX,6Z)Ric(oY,dW)} (7.41) 


~ Baan = 1) 99" o2)g(oX, W) — g(X, oZ)g(dY, dW)}. 
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By using and (4.20), takes the form 
g(R(OX, 6Y)62,6W) = ~8{g(d¥,62)9(6X, OW) — g( dX, 62)a(d¥, 0W)} 
+5-{ Ric(d¥, 62)9(dX, OW) + 2n6*a(d¥,42)a(6X, OW) 
—Rie(X,82)9(d¥,@W) ~ 2nfg(X, 6Z)9(4Y,6W) (7.42) 
+9(Y, 62) Ric(X, OW) + 2nf9( $Y, 6Z)9(4X, 6W) 


—9(OX, 62) Ric( GY, dW) — 2n8g(oX, 6Z)g(dY, oW)} 


s+ a + DE aay. $2). 


Now choosing {e;, de;,€}(1 < i < 2n) as a set of orthogonal basis of M and contracting 
(7.42) over X and W, we obtain 


s 
2n 


Now using and (2.8) in (7.43), we have 
s 
Ric(Y,Z) = (57 — (2n—- 1)(6? + €8))9(Y, Z) 


(= +6? —2(n — 1)(€B))n(¥)n(Z) — n= HY (B)n(Z). (7-44) 


Ric(PY, 6Z) = ( (2n — 1)(6* + €8))g(Y, 62). (7.43) 


Now, if 8 is constant, then (7.44) reduces to 


Ric(¥, Z) = (5— — (2n ~ 1)8”)g(¥, Z) — (5 + 8° )n(¥)n(2Z). 


The above equation shows that M is an 7-Einstein manifold. 


8. EXAMPLE 


In this section, an example has been stated to verify some results of the paper. 
We assume a 3-dimensional manifold M = {(u,v,w) € R?}, where (u,v, w) are the usual 
coordinates in R?. We choose the linearly independent vector fields at each point of M as 


Bu? = Bw 


Ey _Q= w- 


ed 
= aa 
Let the Riemannian metric g is defined by 
1 if i=j 
g(G&, €;) = 31,7 =1,2,3. 
0 if i4j 
Let the 1-form 77 is defined by 


n(X) = 9(X, ¢3), 
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for any X on M. Let the (1,1)-tensor field ¢ is defined by 
b(e1) = —€2, Ple2)=e1, P(e3) =0. 
Using the linearity of ¢ and g, we have 
PX =-X+n(X)ex, nles)=1, 9(OX, oY) = G(X, Y) —n(X)nl¥) 


for any X,Y on M. Thus for eg; = €, the structure (¢,€,7,g) defines an almost contact 


metric structure on M. For the connection V, we have 


fe1,€]=0, [e1,€] =—-—e1, [ere] =-— 
€1,€2]} =0, [e,,e3] =——e1, [e2,€3] = ——e2. 
1, €2 15°€3 ao 2; €3 a 
By using the Koszul’s formula, we find 
aD = _ 2 
Ve El = wes? Ve, €2 — 0, Ve 8 = wel 
Veo€l = 0, Veo €2 = 265, V 53 = —2¢9, (8.45) 


Ve3€l = 0, V 63 €2 = 0, V 6363 = 0, 


From the above values, it is clear that (¢,€,7,g) is a G-Kenmotsu structure on M, hence 
M(@,€,7,g) is a 3-dimensional 6-Kenmotsu manifold satisfying the conditions (2.5)-(2.7), 
where 8 = —2. Using the results from equation (8.45), we can obtain the non-vanishing 


components of the Riemannian curvature tensor with respect to V as follows: 


R(er,e2)er = se, Rler,e2le2=—a, Res, e3)e1 = es, (8.46) 
R(er,€3)€3 = —yer, Reo, €3)e3 = yea, Reo, e3)e2 = “yes. 


The Ricci tensor concerning to V are 


m —4, i= I, 2, 3, 
Ric(€;, €&;) = (8.47) 


0, otherwise. 


Thus, the scalar curvature s with respect to the V given by 


s=--—. (8.48) 


By using the values of (8.45) in (3.10), we obtain 


—€2, 1=3, 7=1, 


Vai = Ve, i=3, 7 =2, (8.49) 


a 


0, otherwise. 
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From the above results given in (8.49), we can easily calculate 


Rei, €))ee =0, Ric(e,¢;)=0, Q=0, §=0, for 1<i,j,k<3. (8.50) 
In view of (8.50), it can be easily seen from (5.24) and (7.38) that 
Pia €2)€3 = Pla €3)€3 = Pilea €3)e3 = 0, (8.51) 
P3(€1, €2)€3 = P3(€1, €3)€3 = P3(€2, €3)€3 = 0, 
respectively. 
Also by using (8.46), (8.47) and (8.48) from (5.23) and (7.37), we find 
P,(€1, €2)€3 = Pi(€1, €3)€3 = Pi (€2, €3)€3 = 0, (8.52) 


P3(€1, €2)€3 = P3(€1, €3)€3 = P3(€2, €3)€3 = 0, 


respectively. 


Thus, the first relations of the equations (8.51) and (8.52) and the second relations of the 


equations (8.51) and (8.52) verifies Theorem 5.1 and Theorem 7.1, respectively. 
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ABSTRACT. This paper presents the introduction of the concept of g-H-regularity within 
the context of hereditary spaces. It delves into an exploration of various properties asso- 
ciated with g-H-normality, offering proofs for some of these properties. Additionally, the 
paper investigates the characterization of g-H-normality through the application of modified 
versions of Urysohn’s lemma and the famous Tietze Extension Theorem. 
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1. INTRODUCTION 


The separation axioms play a pivotal role in the examination of topological spaces by 
enabling us to use topological methods to distinguish between disjoint sets and distinct 
points. In 2002, A Csdszdr [7] introduced the concept of generalized topology, which expands 
upon this framework. For a non-empty set X, a family yu of subsets of X is designated as 
a generalized topology on X if it satisfies two fundamental properties: it must include the 
empty set § and remain closed under arbitrary unions [6]. The pair (X, 2) is referred to as 
a generalized topological space, where the elements of w are known as pl-open sets, and their 
complements are designated as p-closed sets. We define the closure of a set A in this context 
as cl,,(A), given by N{F CX: X—F €p,AC F}, and the interior of A as int,,(A), defined 
as U{GC X:Geyw,Gc A}. 
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In 2004, Csdszar introduced a modified framework for separation axioms (u — To, 
pe — Ti, w — To, w — $1, 4 — S2) tailored specifically for generalized topologies, where the 
conventional open sets are substituted with y-open sets. In 2007, he introduced the concept 
of normality for generalized topological spaces and demonstrated several properties of normal 
spaces. These properties were characterized using an adapted version of Urysohn’s lemma 
[10]. Sarsak expanded the study of separation axioms by introducing pw — Do, u— D1, 
pu — Do generalized topological spaces. Xun et al. conducted research on generalized 
topological spaces and provided characterizations for —T; spaces, for 1 = 0,1, 2, 3,4, as well 
as 4 — Tp spaces and yz — Ro spaces. Additionally, Min conducted a study on separation 
axioms within generalized topological spaces in [14]. 

Also hereditary classes, initially introduced by Csdszar [9], have been a subject of ongoing 
exploration by numerous researchers over time. A non-empty family H consisting of subsets of 
X is termed a hereditary class on X if, whenever A is a subset of B and B is amember of H, A 
must also belong to H. The triple (X, z, 1) is denoted as a hereditary generalized topological 
space, or simply a hereditary space. Csdszdr [9] defined an operator cl*(A) = AU A*, where 
At ={xeEX:UNA EH for each U € p,x € U} for A C X. This operator induces another 
generalized topology, denoted as u*, which is finer than pu, and it is referred to as the x- 
generalized topology. The constituents of u* are known as *-open sets and their complements 
are designated as *-closed sets. Additionally, int*(A) = U{G C X : Ge y*,G C A}. The 
exploration of hereditary spaces has been a subject of ongoing research by various authors 
{12} {1}. In a separate study, the author investigated some generalized separation axioms, such 
as Hausdorff modulo H and H-regularity, as outlined in [5]. 

In 2009, Navaneethakrishnan et al. [16] introduced and examined the notions of Z,-normal 
and Z,-regular ideal topological spaces, utilizing the concepts of Z,-open and Z,-closed sets 
15]. The author later extended these concepts to H,-normal and H,-regular hereditary 
spaces in [4]. Furthermore, the author also introduced and investigated the concept of g-H- 
normal spaces in the same study [4]. 

Recently, in 2024, Mesfer H. Alqahtani et al. introduced a category of N-open sets 
in topological spaces and discussed its relationships with many different classes of open 
sets. Additionally, the concepts of continuity of functions and separation axioms have been 
investigated. 

Many authors introduced modified separation axioms for generalized topologies in differ- 


ent set-ups, which motivates the author to investigate further on separation axioms and find 
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the generalizations of well known results for the same. This paper builds upon the previ- 
ous research to provide further characterizations and a modified version of the well-known 
Urysohn lemma and Tietze Extension Theorem specifically tailored for g-H-normal spaces. 
Additionally, the concept of g-H-regular space is introduced and various properties of this 


space are investigated. 


2. PRELIMINARIES 


In our study, we will make reference to the following definitions and theorems: 


Definition 2.1. The generalized topological space (X,) is said to be u-regular if, for 
every point x within X and for every p-closed set F' that does not include x, there exist two 
disjoint s-open sets denoted as U and V in X, satisfying the conditions that x is an element 


of U and F is entirely contained within V. 


Definition 2.2. In the context of a generalized topological space (X,) and any subset 
Y of X, the collection {Y NG: G © wu} ts a generalized topology on Y, which particularly 
is referred to as the subspace generalized topology or relative generalized topology and it is 
denoted by wy. Consequently, when we equip the set Y with this generalized topology py, it 


is described as a generalized subspace (or simply subspace) of X. 


Definition 2.3. [4] A subset A of a generalized topological space X is said to be H,-closed 
when it satisfies the condition that if U is a p-open set containing A, then A* must be entirely 


contained within U. A is said to be H,-open if X — A is H,-closed. 
Remark 2.1. [4] Each p-open set is also Hg-open and each p-closed set is also Hy-closed. 


Definition 2.4. [4] A subset A of a generalized topological space X is called g-u-closed when 
it satisfies the condition that if U is u-open set cotaining A, then cl,,(A), the p-closure of A, 


must be entirely contained within U. A is said to be g-u-open if X — A is g-p-closed. 


Definition 2.5. [4] A hereditary space (X,,H) is considered to be Hy-regular when, for 
any point x and a p-closed set B C X, provided that B does not contain x, there exist two 


disjoint H,g-open sets U and V, within X satisfyingx €U and BCV. 


Definition 2.6. [4] A hereditary space (X,p,H) is Hg-normal if, for any two disjoint p- 
closed sets A and B in X, there exist two disjoint Hg-open sets U and V within X, such that 


A is entirely contained in U and B is entirely contained in V. 
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Definition 2.7. [4] A hereditary space (X, 1,H) is g-H-normal if, for any two disjoint H,- 
closed sets A and B in X, there exist two disjoint -open sets U and V within X such that 


A is entirely contained in U and B is entirely contained in V. 


Theorem 2.1. [9] For any two subsets A and B of a hereditary space (X, u,H), the following 


properties hold. 


(1) A* C el,(A). 
(2) A* is p-closed set, and therefore A* = cl,,(A*) = cl,,(A). 
(3) el*(A) = A* = cl,,(A) = cl,(A*), whenever AC AX. 

(4) If H = {0}, then A* = cl,(A) = cl*(A). 

(5) (AN B)* c AXA Be. 


Lemma 2.1. Let 8 be any family of subsets of the space X. The family v of subsets of 
X consists of the 0 and all sets N that can be expressed as the union of sets U;<; Bi, where 
B; € 6 and I is a non-empty index set, is a generalized topology on X, which is referred to 


as the generalized topology generated by the base 6. 


Example 2.1. [10] Consider X = R and the family of subsets 8 = {(—oo,t): t € R} U{(t, +00) : 
t € R}. Then the generalized topology on R generated by 3, denoted by v, is known as the 


usual generalized topology. 


Lemma 2.2. Suppose pt is a generalized topology on the space X and the generalized 
topology v on another space Y is generated by the base 0. Then a mapping f : X > Y is 
considered (,v)-continuous if and only if the inverse image of each set B € B under the 


map f, denoted as f—(B), belongs to the generalized topology 1. 


Theorem 2.2. [4] A hereditary space (X,,H) is g-H-normal if and only if, for every Hg- 
closed set A within X and an H,-open set B that contains A, there exists a p-open set V 
satisfying ACV Cd,(V) CB. 


3. g-H-REGULAR AND g-H-NORMAL SPACES 


g-H-regular Spaces. This section will provide an introduction to the concept of g-H-regular 
hereditary spaces and delve into an exploration of the different properties related to these 


spaces. 
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Definition 3.1. A hereditary space (X, ,H) is defined to be g-H-regular if when, for a point 
x in X and an H,-closed set A that does not contain x, there exist two disjoint j1-open sets 


U and V such that x is an element of U and A is entirely contained within V. 


Definition 3.2. A generalized topological space (X,) is termed g-p-regular if, for a point 
x within X and a g-p-closed set A that does not include x, there exist two disjoint j-open 


sets U and V such that x is a member of U and A is entirely contained within V. 


Remark 3.1. Every hereditary space that is g-H-regular is also -regular because each set 
that is p-closed is also H,-closed, however the converse does not necessarily hold, as illustrated 


in Example 


Example 3.1. Let X = {p,q,r}, uw = {0,{p},fa.r},X} and H = {@}. This space is p- 
regular, but not g-H-regular, since {r} is Hg-closed set that does not contain q and there are 


no disjoint j1-open sets that contain q and {r}. 
The following Theorems and [3.2| give characterizations of g-H-regular spaces. 


Theorem 3.1. A hereditary space (X,u,H) is g-H-regular if, and only if, for every point 
x € X and each H,-open set A in X that includes x, there is a u-open set V satisfying that 
£EeV Cadav) Cc A: 


Proof. In a g-H-regular space X, consider a point 2 and an H,-open set A containing x. 
Then X — A is H,-closed set that does not contain x. Since X is g-H-regular, there exist two 
disjoint -open sets, V and W, such that x belongs to V and (X — A) is a subset of W. The 
fact VOW = 0 implies that cl,(V) C X —W. Consequently,  € V C cl,(V) CX-W CA. 
Conversely, suppose x is an element of X and A is any H,-closed sets in X that does not 
contain x. In this case, X — A is Hg-open set containing x. Then there exists a p-open set V 
such that « € V C cl, (V) C X — A. By defining W = X — cl,,(V), there will be two disjoint 
fi-open sets V and W with the properties that  € V and A C W. Therefore (X, yu, H) is 


g-H-regular. 


By setting H = {@} in the above Theorem|3.1| we can derive the following characterization 


of g-p-regular generalized topological spaces. 


Corollary 3.1. A generalized topological space (X, 11) is g-y-regular if and only if, for every 
point x € X and each g-p-open set A that contains x, there exists a p-open set U satisfying 


seu Ce lU) CA, 
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Theorem 3.2. A hereditary space (X,u,H) is g-H-regular if and only if, for every x © X 
and any Hg-closed set A that does not contain x, there exists a u-open set V that contains x 


such that cl,,(V) is disjoint from A. 


Proof. The proof of the theorem is straightforward and follows directly from Theorem|3.1 


The following Corollary provides a way to characterize g-yi-regular spaces when we 
take H = {0} in the Theorem|3.2| 


Corollary 3.2. A generalized topological space (X, 4) is g-y-regular if and only if, for every 
point x € X and for any g-p-closed set A that does not include x, there exists a 1-open set 


V containing « such that cl,,(V) does not intersect with A. 


We have defined H,-regular hereditary spaces in [4]. Now we establish a relationship 


between g-H-regularity and H,-regularity of hereditary spaces in the Theorem |3.3 
Theorem 3.3. A hereditary space (X,j1,H), which is g-H-regular, is also Hg-regular. 


Proof. The straightforward proof lies in the fact that every y-open set is H,-open and every 


i-closed set is H,-closed. 


Remark 3.2. Every g-H-regular hereditary space is Hg-regular, as shown in the Theo- 


rem[3.A, however the converse does not necessarily hold, as illustrated in Example[3.2, 


Example 3.2. Let X = {p,q,r}, w = {0,{p}, {pa {pr}, X} and H = {0,{p}}. Every 
pi-open subset of X is *-closed, therefore every subset of X is Hg-open, which makes the space 
(X,u,H), Hg-regular. {r} is Hg-closed set that does not contain q and there are no disjoint 


i-open sets that contain q and {r}. Therefore (X, u,H) is not g-H-regular. 


g-H-normal Spaces. The notion of g-H-normal hereditary spaces was originally introduced 
in the reference [4]. In this context, we will explore a range of properties and characterizations 


of these g-H-normal hereditary spaces. 
Theorem 3.4. Let X be g-H-normal space. Then a y-closed subspace of X is g-H-normal. 


Proof. In a p-closed subspace Y of X, if A and B be two disjoint H,-closed sets, then, by 
Theorem|3.6| A and B are disjoint H,-closed subsets of the space X. Since X is g-H-normal, 
there exist two disjoint p-open sets U and V in X such that A is contained in U and B 


is contained in V. Then UM Y and VM Y are two disjoint wy-open sets in Y such that 


A=(ANY)C(UNY) and B=(BNY)C (VOY). Hence Y is g-H-normal space. 
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The Theorem discussed below establishes a relationship between the notions of g-H- 


normality and H,-normality within the context of hereditary spaces. 
Theorem 3.5. If a hereditary space (X, u,H) is g-H-normal, then it is Hg-normal. 


Proof. The proof can be immediately established by the fact that every j:-open set is H,-open 


and every s-closed set is H,-closed. 


Remark 3.3. Every g-H-normal hereditary space is Hg-normal, as shown in the Theo- 


rem[3. 5} however the converse does not necessarily hold, as illustrated in Example [3.4 


Example 3.3. Consider the hereditary space X = {p,q,r}, uw = {0,{p},{p, a}, {pr}, X} 
and H = {0,{p}}. In this space, every p-open set is essentially *-closed, making every 
subset of X, Hg-open. Consequently, (X,p,H) is Hg-normal. However, {q} and {r} are 
two disjoint Hg-closed sets which can not be separated by disjoint -open sets and therefore 


(X, wu, H) is not g-H-normal. 


Theorem 3.6. Consider a generalized subspace Y of the space X. If a subset A C Y is 
H,-closed within Y, then A is H,-closed in X. 


Proof. Let U be a p-open set containing A. Then (UN Y) € py and AC (UNY). Since A 


is H,-closed in Y, A* C (UN Y) CU. Therefore A is Hg-closed in X. 


Corollary 3.3. Consider a generalized subspace Y of the space X. If a subset A C Y is 
pty -closed within Y then A is H,-closed in X. 


Theorem 3.7. Let Y be a generalized subspace of X. If a set A is Hg-closed within the 


space X and Y is «-closed within X, then the intersection ANY is Hg-closed within Y. 


Proof. Consider (ANY) C U with U € py. Then U can be expressed as U = (GNY) for some 
G ep. Then A = (ANY)U(AN(X-Y)) Cc (UU(X-Y)) = (GNY)U(X-Y) = (GU(X-Y)) € 
i, since Y is pi-closed in X. Also, A is H,-closed set within X, A* C (@U(X —Y)). Then 
(AN Y)* c (A*NY*) Cc (AFNY) Cc ((GU(X —Y)) NY) =GnyY =U. Therefore A is 
H,-closed in Y. 


Theorem 3.8. If a set A is Hg-closed and set B is -closed, then their intersection AN B 


is H,-closed. 


Proof. The proof can be deduced from the Theorems [3.6] and 


280 R. BALA 


Urysohn’s Lemma. We will now provide a proof for the following variation of Urysohn’s 


Lemma adapted for g-H-normal hereditary spaces: 


Theorem 3.9. Necessary Condition for g-H-Normality in Hereditary Space: Let (X,,H) 
be a g-H-normal hereditary space and let A, B be disjoint Hg-closed subsets of X. Then there 
exist a function f : X — [0,1] that is (w,v)-continuous where v is the standard generalized 


topology on the interval [0,1], such that f(x) =0 forx € A and f(x) =1 forxe B. 


Proof. Consider the collection D of dyadic fractions in the interval [0,1], defined as 5, where 
m = 0,1,2,.....2” and n = 0,1,2,3.,..... For each r € D, we construct p-open sets U, and 


p-closed sets F. in such a way that: 


(1) U, C F, for each r € D. 


(2) If r and s are in D and r < s, then F, C Us. 


Start by setting Fo = A and U; = X — B. As A and B are disjoint, A C (X — B). Using 
Theorem since A is H,-closed and X — B is H,-open, there exists a p-open set and 
therefore H,-open U i such that A C U1 Coalv 1 ) c X — B. Continuing this construction, 
we can obtain U; and F; for each r € D, ensuring that U, C F, and F, C U, for r < s. 

Define a function f : X — [0,1] as f(x) = inf{r ¢ D: a € F,}. Then f(x) = 0 for 
x € Fy = A and f(x) = 1 for « € B. To show that f is (,v)-continuous, it is sufficient 
to prove that f~'((0,a)) and f~1((b,1]) are p-open sets in X. f—+([0,a)) = U{U, : r < a} 
and f—'((b,1]) = U{X — F,:r > b}, ensuring that both sets are p-open, making f, (u,v)- 


continuous. 


The following Theorem provides a sufficient condition for g-H-normality in hereditary 


spaces. 


Theorem 3.10. Sufficient Condition for g-H-Normality in Hereditary Space: If (X,,H) 
is a hereditary space with the property that for any two disjoint Hg-closed subsets A and B 
of X, there exist a function f : X — [0,1] that is (u,v)-continuous, where v is the standard 
generalized topology on the interval [0,1], such that f(a) = 0 for x € A and f(x) = 1 for 


x € B, then X is g-H-normal. 


Proof. Consider the sets f~'({0,1/2)) and f~1((1/2,1]). These sets are disjoint p-open sets 


in X containing A and B, respectively. Consequently, X is g-H-normal. 
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Tietze Extension Theorem. A modified version of the Tietze Extension Theorem has been 


established for g-H-normal hereditary spaces, as outlined in Theorem 


Theorem 3.11. Let (X,u,H) be a g-H-normal hereditary space and let f : F + R be a 
(ur, V)-continuous mapping, where F is an Hg-closed subset of X. Then there exist a (1, v)- 
continuous mapping g : X — R such that g(x) = f(x) for all x € F, where v is usual 


generalized topology on R. 


Proof. We first assume that f is bounded function with c = sup{|f(y)| : y € Ff}. We define 
sets Ag = {y € F: f(y) < —c/3} and Bo = {y € F:: f(y) = c/3}. These sets are disjoint 
v-closed sets in the interval [—c,c]. Since f is (r,v)-continuous mapping, f~'(Ao) and 
f~+(Bo) are disjoint jzp-closed sets and consequently H,-closed sets in X. By Theorem 3.9 
there exists a (u,1)-continuous function go : X — |—c/3,c/3] such that go(Ao) = —c/3 and 
go(Bo) = c/3. This function satisfies |go| < c/3 and |f — go| < 2c/3 on F’. We then define 
sets Ay = {ye€ F: (f —g0)(y) < —2c/9} and By = {y € F': (f — g0)(y) = 2c/9}. These sets 
are again disjoint v-closed sets in [—c,c] and therefore (f — go)~!(A1) and (f — go)~!(B1) 
are disjoint i-closed sets in X, making them H,-closed sets in X. By applying Theorem |3.9} 
we obtain a (4,v)-continuous function g) : X — [—2c/9,2c/9] such that g;(A1) = —2c/9 
and gi(B,) = 2c/9 and |gi| < 2c/9, |f — go — g1| < 4c/9 on F. This process is continued, 


producing a sequence {g,,} of (4, ”)-continuous functions defined on X such that |gn| < as 
and |f — go — gi... ~ Gn| < Ze on F. 

We define hn = got git... + gn for n > 1. This is a sequence of (yu, 1v)-continuous 
functions on X. For n > m, |hn — hm| is bounded by (3)*1c. Therefore, {hn} is a Cauchy 
sequence and converges uniformly to a real valued function h on X. This limit function 
h = limp soo hn = lim(go + gi + «-..-- + gn) = oP.-9 Gn and therefore h(x) = f(x) on F. 

To complete the proof, we prove that h is (~,1)-continuous function. Let « € X and V bea 
v-open set in R containing h(x). Since h,(a) converges uniformly to h, for any given € > 0, 
there exists an integer N such that h,(x) € V for alln > N. Since hy, is (1, v)-continuous, 
there exists a pi-open set U in X containing x such that h,(U) C V. Therefore, h(U) = 


limp—+oo hn(U) C V. Thus, we have established that h is (~,v)-continuous, concluding the 


proof. 
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4. CONCLUSION 


This research primarily delves into two distinct areas within the realm of hereditary gener- 
alized topological spaces. The first area explores the concept of g-H-regularity in hereditary 
spaces, which provides generalized versions of fundamental properties typically associated 
with regular topological spaces. In the second area, the focus shifts to the generalization of 
renowned results such as Urysohn’s lemma and the Tietze Extension Theorem, specifically 


within the context of g-H-normal hereditary spaces. 
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ABSTRACT. In this study, a Sheffer stroke BH-algebra is introduced and its features are 
examined. After showing that the axioms of a Sheffer stroke BH-algebra are independent, 
the connection between a Sheffer stroke BH-algebra and a BH-algebra is stated. After de- 
scribing a subalgebra and a normal subset of a Sheffer stroke BH-algebra, the relationship 
between these structures is shown. A filter of a Sheffer stroke BH-algebra is defined and 
the quotient of a Sheffer stroke BH-algebra is constructed. Then a homomorphism between 
Sheffer stroke BH-algebras is introduced and its properties are studied. 
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1. INTRODUCTION 


The notion of BCK-algebras was first formulated in 1966 |9] by Y. Imai and K. Iséki as a 
generalization of the notation of set-theoretic difference and propositional calculus, where this 
notion was originated from two different ways: one of the motivation was set theory, another 
motivation was classical and theory, the other from classical and non-classical propositional 
calculus. In the same year, K. Iséki introduced the notion of a BCI-algebra [10]. It is known 


that the BCI-algebra is a generalization of a BCK-algebra. Q. P. Hu and X. Li introduced a 
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large class of abstract algebras: BCH-algebras [7] [8]. The class of BCI-algebras is a proper 
subclass of the class of BCH-algebras. In 1998, Y. B. Jun, E. H. Roh and H.S. Kim introduced 
a new concept, called a BH-algebra, which is generalization of BCH/BCI/BCK-algebras [11]. 
They argued further properties of BH-algebras. In 2011, H. H. Abbass and H. M. Saeed 
introduced the notions of (a closed ideal and closed BCH-algebra) with respect to an element 
of a BCH-algebra[3]. In 2012, H. H. Abbass and H. A. Dahham introduced the notion 
of completely closed ideal of a BH-algebra [2]. In 2014, H. H. Abbass and S. A. Neamah 
introduced the notion of a fuzzy implicative ideal with respect to an element of a BH-algebra 
[4]. 

The Sheffer stroke operation was originally introduced by H. M. Sheffer [20]. Since any 
Boolean function or operation can be stated by only this operation [12], it attracts the at- 
tention of many researchers. It also leads to reduction of axiom systems of many structures. 
Also, some applications of this operation have appeared in algebraic structures such as Shef- 
fer stroke BG-algebras [13], Sheffer stroke BCK-algebras [14], the Sheffer stroke operation 
reducts of basic algebra [15], a construction of very true operator on Sheffer stroke MLT- 
algebras [17], congruences of Sheffer Stroke Basic Algebras , a view on state operators in 
Sheffer stroke basic algebras [18] and Bosbach state operators on Sheffer stroke MTL-algebras 
[19]. 

After giving main definitions and concepts of a Sheffer stroke and a BH-algebra, a Sheffer 
stroke BH-algebra is defined. It is proved that the axiom system of a Sheffer stroke BH- 
algebra is independent. By presenting fundamental notions about this algebraic structure, 
the connection between a Sheffer stroke BH-algebras is a BH-algebra is given. It is shown 
that Cartesian product of two Sheffer stroke BH-algebras is a Sheffer stroke BH-algebra. 
After defining a subalgebra and a normal subset, the relationship between a subalgebra and 
a normal subset on a Sheffer stroke BH-algebra is shown. A filter in a Sheffer stroke BH- 
algebra is defined. It is proved that the family of all filters of a Sheffer stroke BH-algebra 
forms a complete lattice. Then a homomorphism on a Sheffer stroke BH-algebra is defined 
and it is shown that the notion of a filter on a Sheffer stroke BH-algebra is preserved under 
the homomorphism. It is presented that a quotient of a Sheffer stroke BH-algebra is a Sheffer 
stroke BH-algebra. furthermore, a kernel of a homomorphism is constructed and proved that 


the kernel is a filter under a condition. 
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2. PRELIMINARIES 


In this part, we give the basic definitions and notions about a Sheffer stroke and a BH- 


algebra. 


Definition 2.1. Let A = (A,|) be a groupoid. The operation | is said to be a Sheffer 
stroke if it satisfies the following conditions: 

(S1) @1|G@2 = @2|a1, 

(S2) (G1|@1)|(@1|@2) = a1, 

(S3) a4|((a2|43)|(G2|a3)) = ((@1|42)|(ai|42))|a3, 

(S4) (G1|((G1a1)|(@2|42)))|(41|((41]@1)|(G2|@2))) = a1. 


Definition 2.2. A BH-algebra is an algebra (A, *,0) of type (2, 0) satisfying the following 
conditions: 

(BH.1) a *% =0, 

(BH.2) ay * G2 = 0 and G2 * a, = 0 imply a, = ao, 

(BH.3) 4 *0 =a 


for all a1, 42 € A. 
A BH-algebra is called bounded if it has the greatest element. 


Definition 2.3. A nonempty subset S of a BH-algebra A is called a BH-subalgebra if 


Gy * tig € S, for all &1,% € S. 


Definition 2.4. Let A be a BH-algebra. A nonempty subset N of A is said to be normal 


if (G1 * x) * (dg xy) EN, for any a, * G2, re YEN. 


Definition 2.5. A filter of a BH-algebra A is a non-empty subset F' of A satisfying the 
following conditions: 

(F,) If a, € F and ag € F, then ag * (G2 * G1) € F and @, x (a1 * G2) € F, 

(Fo) If a1 € F and a * Gg = 0 then a € F. 


Definition 2.6. A BH-algebra A is called an associative BH-algebra if (a * a2) * a3 = 


ay, * (a2 * a3), for all G1, G2,a3 € A. 


Definition 2.7. [3] Let A be a BH-algebra. Then the set Ay = {@, € A|0 * G, = 0} is called 
the BCA-part of A. 
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3. SHEFFER STROKE BH-ALGEBRAS 


In this section, we provide fundamental definitions and concepts regarding a Sheffer stroke 


and a BH-algebra. 


Definition 3.1. A Sheffer stroke BH-algebra is a structure (A,|,0) of type (2,0), where 0 is 
the constant on A and the following axioms hold for all a,,da2 € A: 
(sBH.1) (a1|(41|41))|(@1|(a1|@1)) = 0, 


(sBH.2) (a1|(G2|42))|(G1|(G@2|a2)) = 0 and (a2|(@1|41))|(G2|(@1|a1)) = 0 imply a1 = ap. 
Let A be a Sheffer stroke BH-algebra unless otherwise stated. 
Lemma 3.1. The azioms (sBH.1) and (sBH.2) are independent: 


Proof. Consider the groupoid ({0, 1}, |,). 
(1) Independence of (sBH.1): 


TABLE 1. Operation table for independence of (sBH.1) 


lp |O 1 
O;1 1 
1;0 0 


Then |, satisfies (sBH.2) but not (sBH.1) since (1|p(1{p1))|p(1|p(1|p1)) = (0|p0) = 1 4 0. 


(2) Independence of (sBH.2): 


TABLE 2. Operation table for independence of (sBH.2) 


Ae 
0;0 1 
1/1 0 


Then |, satisfies (sBH.1) but not (sBH.2) since (O|g(1|q1))|q(OlqAlq1)) = 0|,0 = 0 and 
(1q(0|q) )|q(1[q(O]q0)) = 1]gl = 0 but 1 40. 
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Example 3.1. Consider a set A = {0,x,y,1}, and define a Sheffer stroke | by Table 3 and 


its Hasse diagram is given in Figure 1. 


TABLE 3 
|| 0 a e 1 
0O;1 1 1 £41 
z}l y ly 
y/l 1 @ @ 
l/l y zx 0 
1 


FIGURE 1. Hasse diagram 


Then (A,|) is a Sheffer stroke BH-algebra. 


Lemma 3.2. Let A be a Sheffer stroke BH-algebra. Then the following features hold for all 


G1, 42,a3 € A: 


(1) (@1|(@1|41))|(@1|@1) = G1, 

(2) (0|0)|(@1|@1) = a1, 

(3) (@1|(0|0))|(@1|(0|0)) = a1, 

(4) &|0 =0l0, 

(5) a1|((@2|(a3|43))|(a2|(43|43))) = &2|((@1| (43/43 ))|(@1| (43/43), 

(6) (a1|((G2|(a3|43))|(G2|(@3|43))))|((@2| (@1| (43/43 ))| (@1| (43/43 ))) | (@2|(@1|(@3|43)) |(@1| (a3 
a3)))) = 00, 

(7) a1|(((@1|(G2|@2))|(G2|a2))|((41| (G2|a2))|(@a|a2))) = 0)0, 

(8) ((G1|(@2|@2))|(@1|(@2/@2)))|(@1]a1) = 00, 

(9) ((G1|(@1|(@2|4@2)))|(@1|(@1| (@2|@2))))|(Gala2) = 0/0. 


Proof. (1) Substituting [G2 := (a@,|a1)] in (S2), we obtain 


(@4|@1)|(@i|(@1]a1)) = a. 
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Then we have (a 1|(4@1|@1))|(@1|a@1) = a, from (S1). 


(2) By (sBH.1), (S2) and (1), we obtain 


(O/0)|(Grfa1) = (((@1|(G1)@1))| (G1 | (a1 a1) )) | (a1 | (G1 [G1 )) | (Gr | (G1 /41)))) | (G11) 
= (a1|(41|@1))|(@1/@1) 


y 


= adi. 


(3) By (S1), (S2) and (2), we have 


(41|(0|0))|(@1|(O|0)) = —(((@1|(@1)|(@1]@1))|(0/0)) | ((@1|(@1)| (a1 |@1) )| (0|0))) 
= ((0|0)|((@1|a1)|(@1|4@1)))|((0]0)| (a1 |a@1)|(@1a1))) 
= (a|@1)|(@1|41) 


=. 0a 


(4) By (S1), (S2) and (2), it is implied that 


G@|0 = a |((0/0)|(O/0)) 
= ((0/0)|(a1|&1))|((O|0)|(0/0)) 
= ((0/0)|(O/0))|((0/0)| (a1) 


= (0]0). 


(5) By (S1) and (S3), we have 


G1|((42|(@3|a3))|(@2|(@3|a3))) = (((@1/@2)|(@1|42))|(@3|a3)) 
= (((d@2|@1)|(@2|a1))|(@3|43)) 


= 4g|((a1|(43|a3))|(@1|(@3|@3))). 


(6) It is obtained from (sBH.1) and (5). 
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(7) In (S3), by substituting [a := G1|(G2|a2)) and [ag := d2|a] and applying (81), (83) 
and (sBH.1), we obtain 
G1 |((@1|(G2|@2))|(G2|42))|((4i|(@2|42))|(@2|a@2)) = ai|(((42|@2)|41| (42]42))| 
((@2|42)|(@1|(@2|@2)))) 
= ((@1|(42|@2))|(41|(@2|42)))| 
(41|(G2|a2)) 
= (a1|(@2|42))|((@1|(a2|42))| 
(41|(@2|a2))) 
= 00. 


(8) By (S1), (S3), (sBH.1) and (4), we have 


((@1|(G2|@2))|(@1|(@2|@2)))|(G@1la1) = (@1|@1)|((@1|(@2|4@2))|(@1|(@2|a@2))) 
= (((@1|@1)|@1)|((@1|41)|@1))|(@2|a2) 


= ((41|(@141))|(@1|(@1/41)))| (42/42) 


= 0|(a2|a2) 
= 00. 
(9) By (S1), (S3) and (sBH.1), we get 
((@1|(41|(@2|@2)))|(@1|(@1|(G@2|42))))|(@2;@2) = (@2|@2)|((ai|(@1|(42|42)))| 
(a1 |(@1|(G2|a2)))) 


= (((42|42)|41)|((@2|@2)|@1)) 
(a1|(42|42)) 

= (41|(42|42))|((41] (@a]a2))| 
(a1|(42|42))) 


= 00. 


Theorem 3.1. Let (A,|,0) be a Sheffer stroke BH-algebra. If we define 


Gy * G2 = (41|(G2|G2))|(@1|(2|a@2)), 
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then (A,*,0) is a BH-algebra. 


Proof. By using (sBH.1), (sBH.2), Lemma|3.2] (3), we have 
(BH.1) : G1 * G = (44|(G1|@1))|(G1|(Gifar)) = 0. 

(BH.2): G1 * Gz = (41|(42|(42))|(G1|(G2|(@2)) = 0 and G2 * a = (42|(41|(41))| (Ga (@1|(a1)) = 0 
imply a1 = dg. 

(BH.3): 1 * 0 = (41|(0|0))|(41|(0|0)) = a1. 
Then (A, *,0) is a BH-algebra. 


Example 3.2. Consider the Sheffer stroke BH-algebra (A,|,0) in Example [3.1] and define 


the binary operation * by Table 4. 


TABLE 4 
*/O a2 y 1 
0;0 0 0 0 
x\|x 0 « O 
y\y 0 0 
1} 1 xz 0 


Then (A, *,0) is a BH-algebra. 


Theorem 3.2. Let (A,*,0,1) be a bounded BH-algebra. If we define @\a2 = (a * @3)° and 
a? = 1* a1, where a * (1 * @) = & and 1x (1* a) = G, then (A,|,0) is a Sheffer stroke 


BH-algebra. 
Proof. (sBH.1): By using (BH.1), we have 
(41 |(G1|@1))|(@a|(Gal@1)) = (Gy * 1)? (Gy * 1)” 

= ((a *a%)°)" 
= G1 *d, 
= 0. 

(sBH.2): By using (BH.2), we obtain 

(41|(G2|@2))|(@1|(G2|@2)) = a1 * a2 = 0 


and (G2|(G1|@1))|(a2| (@1|a1)) = a2 ok a4 =0 imply a1 = a2. 


Then (A,|,0) is a Sheffer stroke BH-algebra. 
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Example 3.3. Consider a set A = {0,2,y,z,t,u,v,1}, and define the binary operation by 
Table 5 and the Sheffer stroke ”|” by Table 6. Then (A,*,0,1) is a a bounded BH-algebra 
and (A,|,1) is a Sheffer stroke BH-algebra. 


TABLE 5 


e 


*/O x yeztu v 


0;0 0 0 0 0 0 0 


xix 0 «4 « 0 0 « 


yjy y Oy 0 y 0 


So ao 2S. oo 2 &> oo © 


Theorem 3.3. Let (A,|4,04) and (B,|g,0g) be Sheffer stroke BH-algebras. Then, (A x 
B,|axp,0Axp) is a Sheffer stroke BH-algebra where the set A x B is the Cartesian product 
of A and B, the operation |4xp is defined by (a1, b1)|AxB(G2,b2) = (G1) Aa, bi|Bb2) and 


OaxB = (04,03). 


Definition 3.2. A Sheffer stroke BH-algebra A is called an associative Sheffer stroke BH- 


algebra if ((41|(G2|@2))|(a1| (a2|G2)))|(G@3|a3) = (G1|(G2|(a@3|a3))) holds for all G1, G2, a3 E A. 
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Theorem 3.4. Let A be an associative Sheffer stroke BH-algebra. Then the following prop- 
erties are hold: 

) (0|(@1|41))|(O|(@i]a@1)) = a1, 
(@1|(@2|@2)))|(41|(@1|(@2|@2))) = ae, 
G1 |(42|@2))|(@1|(@2/42)) = (42|(41/@1))|(@2|(41/41)), 
(a3|(G1|41))|(@3|(@1|@1)))|(@3| (@2|@2)) = a1|(42|42), 


(1 

(2) (@ 

(3) ( 

(4) ( 

(5) (@1|(@2|42))|(@1|(G2|42)) = 0 implies a1 = aa, 
(6) ( 

(ey 

(8) ( 


3 


4 


6) ((@1|(G1|(@2|@2)))| (@1| (@1|(G2|42))))|(G2la2) = 00, 
(41|(G2|42))|(@1|(@2|a2)) 
(a1 |( 


a3|43))|(G1|(@3|a@3)) 


7 
8 


|(@3|@3) = ((@1|(43|43) )|(@1|(@3|@3)))|(G2|a2), 
|(@2|(a4|a4)) = ((@1|(@2|@2))|(@1| (@2|@2)))|(@s3|(@4]aa)). 


NS sw 


ay 
Proof. (1) By Lemma|3.2] (3), (S2) and (sBH.1), we have 


(O|(@1]@1))|(O|(@1la1)) = (((@1|(@1|@1))| (@1|(@1]@1)))|(@1]a1))|(((@1| (41 @1)) 
(4@1|(Gi|@1)))|(@1|a1)) 


= (G1|(@1|(@1|@1)))|(@1|(@1|(@1/&1))) 
=  (a1|(0|0))|(@1|(0]0)) 


y 


= ai. 
(2) By (sBH.1) and (1), we obtain 


(41 |(@1|(@2|@2)))|(@1|(@1|(@2l@2))) = ((@1|(@1]@1))|(G1|(@1|@1))) (@a|@2)| 
((@1|(@1|@1))|(@1|(@1|@1))) (@2|a2) 
= (0|(@2|G2))|(0|(a2|a2)) 


= Ae: 


3) By (S2), (SBH.1) and (2), 
(a 


( 
G2|(G1|a1))|(2|(@1/a1)))|( 
(d2|(41|41))|(@2|(@1@1)))| 

= ((@a|(@1|41))|(@2| (a1 |41)) 
= (G2|(41|(41|(G2|@2))))|(@al ( 


= (42|(@2|@2)) 


G1|(G2|42))|(41|(G@2|42))|(@1|(G2|a2))| (G1 |(@2|42))) 
G|(2|42))|(@1| (@2|@2))|(@1|(@2|42))| (41 | (42/42) 
(41|(G2|@2)))| ((@2| (a1 |41 )) | (@2| (a1 |41))) | (G1 | (@2|42))) 
G1|(@1|(G2|42)))) 


( 
NK 
))) 


(G2|(@2|a2)) 
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Similarly, we get 
((@1|(@2|@2))|(@1| (@2|42)))|(G@2| (41/41 )))|((41| (@2|@2))| (@1| (G@2|@2)))| (@2|(@1/a1))) = 0. 
Therefore, we obtain from (sBH.2) that (G1|(G2|G2))|(a1|(a2|a2)) = (G2|(G1|a1))|(d2|(G@1|a1)). 
(4) By (sBH.1), (1) and (3), 
((43| (4141) )|(@3|(@1|a1)))|(@3|(@2|@2)) = ((@1|(@3|43))|(@1|(43]43)))| (@3| (@2|42)) 
= 44|(43|(@3|(@2|@2))) 
= 44|(((43|(43|43))|(@3|(@3|@s)))| (@2|42)) 


= 4;|(0|(G2|a2)) 


= 44|(Go\d2). 
(5) Let (G1|(G@2|@2))|(a1| (42|G2)) = 0. Then (G2|(G1|@1))| (a2| (a1|@1)) = 0 from (3). Thus 
a, = a2 from (sBH.2). 
(6) ((@1|(G1|(G@2|@2)))|(@1|(@1| (@2/42))))|(@2/@2) = (@2|(@2|@2)) = 0|0 from (2) and (sBH.1). 
(7) By (3), we have 
((@1|(@2|G2))|(@1|(@2|42)))|(@3|@3) = (a1|(G2|(a3]a3))) 
= (4;|(@3|(@2|a2))) 
= ((a1|(43/43))|(41|(@3|4@3)))|(@2|a2). 


(8) By (3) and (7), we have 


(41|(@3|@3)))|(@2|(a4laa)) = ((41|(@2|(@4]a4)))|(@1|(@2|(a4la4))))|(@3]as) 
= (((41|(@2|@2))|(@1|(G@2/a2)))|(a4laa)| 
((@1|(@2|@2))|(@1|(@2|4@2)))|(aaaa))| 


((@1|(@3|@3)) 


(a3|43) 
= ((d1|(@2|@2))|(@1|(@2|42)))| (aa (@3|as )) 


= ((41|(@2|@2))|(@1|(G@2|42)))|(G3| (a4laa)). 


Definition 3.3. A non-empty subset S of a Sheffer stroke BH-algebra A is called a Sheffer 
stroke BH-subalgebra of A if (1|(G2|@2))|(a1|(@2|G@2)) € S, for all a1, a2 € S. 
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Example 3.4. In Example[3. 1 Si = {0,r}, So = {0,y} and S3 = {0,x,y} are subalgebras 
of A. 


Theorem 3.5. Let (A,|,0) be a Sheffer stroke BH-algebra and # S C A. Then the 
following are equivalent: 

(a) S' is a subalgebra of A, 

(b) (d1|(@2|(0/0)))|(41|(@2|(0|0))) € S for any a1, a2 € S. 


Proof. (a) = (b): Since S 4 0, there exists an element a; € S and 
0 = (41|(@1|41))|(@1|(41|a1)) € S. 


Since S$ is closed under |, (@2|(0|0))|(a@2|(0|0)) € S and thus 
(G1|((@2|(0|0))|(@2] (0/0) ) | (@2| (OO) )| (@2| (0/0) )))|(@1|((@2| (0/0) ) | (@2| (0/0) )|(@2|(0]0) )| (@2|(0|0)))) 
= (a1|(@2|(0|0)))|(@1|(@2|(0|0))) € S. 


(b) = (a): By using Lemma 3.2] (3), we get (a1|(G2|42))|(41|(@2|a2)) = (| ((@2|(0[0)) | (aa 
(0|0))|(@2|(O/0))|(@2| (O[0))))| 4a] (C@2] (O10) )| Ga] (0/0) | Ga] (O/0))|(@2|(O/0)))) = (@1|(42|(0]0)))| 
( 


@2|(0|0))) € S for any a1, a2 € S. 


(a1| 


Definition 3.4. The set Ay = {G1 € A|(0|(@1|a1))|(O|(a1|@1)) = O} is called a BCA-part of 
A. 


Example 3.5. Given the Sheffer stroke BH-algebra in Example[3. 1 Then it is obvious that 
the set Ay = {0,2,y,1} is a BCA-part of A. 


Theorem 3.6. Let A be a Sheffer stroke BH-algebra. Then Ax is a subalgebra of A. 


Proof. Clearly, 0 € A; and so A; is nonempty. Let @1,d2 € A;. By (S2) and Lemma [3.2] 
(4), we have 


(0]((@1|(@a]a@2))| (G1 | (@2|42)) | (41 | (42|42))|(41| (G2|@2))))| 0] ((41| (42|@2))|(@1|(@a|@2))| (G1 | (@2|42))| 


Then (@1|(@2|G2))|(@1|(G@2/a2)) € Ay and so A, is a subalgebra of A. 
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Definition 3.5. A non-empty subset N of A is said to be normal subset of A if 
(((a1|(ala))|(@1|(@l@)))| (@2] (0]2)))| (C41 | (al@))| (41 | (a]a))) |(@2|(0[b))) € N 
for any (@|(@2|42))|(@1|(@2|@2)), (a|(b|b))|(a|(b|b)) € N 


Example 3.6. In Example [3.1 N = {0,x} is a normal subset of A when [a1 := 0], [G2 := 
2|@2))|(@1|(42|a2)) = (Ol(1]1))|(O]G|1)) = 0 € N and 
xe N, we have 


1], [a = a], and [b := y]. Since (a1| 
(a|(b|b))| (al (O/b)) = (z](yly))(el@ly) 
(((a1|(ala))|(@1|(@la)))|(@2| (5/2) )] (((@1| (ala) | (41| (a]a))) |(@2|(0/6))) 
= (((0|(2]x))|(0|(z]z)) )|Al@yly))) (Ol (z|x))|(Ol(z|x))) (Al (yly))) = 1]l =0€ N. 


(a 
= 
)| 
)) 
Theorem 3.7. Every normal subset N of a Sheffer stroke BH-algebra A is a Sheffer stroke 


subalgebra of A. 


Proof. If @1,a@2 € N then (a@1|(0|0))|(a1|(0|0)), (@2|(0|0))|(a@2|(0]0)) € N. Since N is normal , 
then (@1|(42|42))|(@1|(@2|@2)) = ((41|(@2|@2))|(41| (G2 @2)))|(0](0|0))|((41| (Gal a2))| (44 | 
(@2|G2)))|(0|(0|0)) € N. Therefore, N is a Sheffer stroke subalgebra of A. 


Remark 3.1. The converse of Theorem|3.7| does not hold. In Example[3. 1] N = {0,2, y} is 
a subalgebra of A, but it is not normal, since (1|(yly))|(|(yly)) = 2 € N, (0|(1/1))|(O](]1)) = 
OE N, while (((1|(0]0))|(2](0/0)))|(wl(411)))1(C210]0)) 11 (0]9)) )@w1C11))) = 00 = 1 EN. 


Proposition 3.1. Let N be a Sheffer stroke normal subalgebra of A. If (a1|(a2|G2))|(G1|(a2|a2)) 


EN for @,a2 € N, then (G2|(a1]a1))|(G2|(a1]a1)) € N. 


Proof. Let (G1|(G2|@2))|(a1| (42|G2)) EN. Since (G2|(G2|G2))| (aa| (a2|a2)) =O0EN and N isa 
normal subalgebra, 

(G2|(41/@1))|(@2|(@1/@1)) = ((@2|(@1 a1) )|(@2|(@1|@1 )))| ((@2| (@2|G2))|(@2|(G2|@2))| (42| (42/42) 
(G2|(@2|@2)))|((@2|(@1 41 ))| (@2|(41141))) | ((@2| (@2|42) )|(@2| (G2|@2))| (G2|(@2|@2))|(@2|(G@2|@2))) € 
from (sBH.1) and Lemma|3.2| (3). 


z 


4. ON FILTERS OF SHEFFER STROKE BH-ALGEBRAS 


We introduce the notion of filter in a Sheffer stroke BH-algebra in this section. 


Definition 4.1. A filter of A is a nonempty subset F C A satisfying 
(SF.1) If a1, a2 € F, then 


(G2|(@2|(@1/41)))|(@2|(@2|(@1]@1))) € F 
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and 
(@1|(@1|(@2|@2)))|(@1|(@1|(@2|a2))) © F. 


(SF.2) If a, € F and (G1|(G2|G2))|(@1|(a2|a2)) = 0, then dag € F. 


Example 4.1. Consider the Sheffer stroke BH-algebra in Example [3.3} Then it is obvious 
that {t,1} is a filter of A. 


Theorem 4.1. The family K, of all filters in A forms a complete lattice. 


Proof. Let {Fi}icer be a family of filters of A. If @1,d2 € (\je, Fi, then a1, a2 € Fj, for all 
1el. Since F; is a filter of A, then (G2|(G2|(G1]a1)))|(a2|(G2|(41|a1))), (G1|(G1|(a@2|a2)))|(a1| 
(41|(G2|@2))) € Fj. Thus, 

(2| (Go| (@1|ai1))| (G2| (Go| (@1\a1))), (Ga | (@1| (@a|%2)))| (@1| (Ga | (Gal’t2))) € CF. 

ove 
(7) Suppose that a1 € ier and (G1|(G2|G2))|(a1| (a2|a2)) € le? F; hold for G1, a2 € A, 
that is a, € F; and (a|(G2|@2))|(a1|(a2|@2)) = 0 hold for alli € J. Then it is obtained 
from (SF.2) that a € Fj for alli ¢ I. Then a2 € (),¢; Fi. 


(ii) Let 1 be the family of all filters of A containing the union U,-; Fj. Then ()7 is a 
filter of A from (i). If Ajep- Fi = Nez Fi and Vie; Fi = ()n, then (Ka, A, \V) is a 


complete lattice. 


Corollary 4.1. Let B be a subset of A. Then there is the minimal filter (B) containing the 


subset B. 


Proof. Lete ={F: F is a filter of A containing B}. Then (B) = {x ¢ A: 2 €()pe, F} 


is the minimal filter of A containing B. 


Theorem 4.2. Let S be a subalgebra of A. If 
(41|(G2|@2))|(@1|(G2|@2)) = (@3|(@2|42))|(43|(G2|42)) implies a, = a3 
holds for all a1, G2,a3 € A, then S is a filter of A. 


Proof. (SF.1) Let S be a subalgebra of A and @1, a2 € S. Then (@1|(d2|a@2))|(@1|(G@2|a@2)) € S 
and (@3|(@1|4@1))|(@2|(@1]a1)) € S. So (@1|(@1|(@2/42)))|(@1|(G1|(@2|@2))) € S and (G2|(G2|(@1/41) 


))|(@2|(@2|(@1]ai))) € S. 
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(SF.2) Let a1 € S, (@1|(G2|@2))|(@1|(@2|@2)) = 0. Then (a1|(@2|/a2))|(@1|(@2|@2)) = (@a| (@2|a2))| 
(G2|(G2|G@2)). We obtain 4; = a2. Thus, a2 € S. Therefore, S is a filter of A. 


Corollary 4.2. Let S be a normal subalgebra of A. If 
(41|(G2|42))|(G1|(G2|42)) = (G3|(G2|42))|(G3|(G2|42)) implies a, = a3 


holds for all a1, @2,a3 € A, then S is a filter of A. 


Proof. It is obtained from Theorem [3.7 and Theorem |4.2 
Theorem 4.3. Let A be a Sheffer stroke BH-algebra. If 
(41|(@1|(@2|@2)))|(41|(@1|(@2|@2))) = ao 
holds for all a1,@2 € A, then every non-empty subset S of A is a filter of A. 


Proof. Let S be a non-empty subset of A. 
(SF.1) Let a1, a2 € S. Then (dg|(a@2|(@1|a1)))|(G@2|(G2| (G1 ]a1))) = a1 € S. Similarly, (@1|(G1|(a2| 
Gz)))|(@1|(@1|(@2|@2))) = a2 € S. 

(SF.2) Let a1 € S, (@1|(@2|42))|(@1|(@2|42)) = 0. Then a2 = (41 |(41|(42|a2)))|(@1|(@1|(42|42))) = 
(G1|(0|0))|(@1|(0|0)) = a1 from Lemma|3.2](3). Thus, G2 € S. Therefore, S is a filter of A. 


Proposition 4.1. Let {F%,i € A} be a family of Sheffer stroke BH-filters of A. Then (je, Fi 
is a Sheffer stroke BH-filter of A. 


Proof. Let {F;,i € A} be a family of Sheffer stroke BH-filters of A. 

(SF.1) If G1, @2 € (je Fi, then G1, a2 € Fi, for all i € A. Since F; is a filter of A, we have 
(G2|(G2|(G1|41)))|(@2|(G2|(@1]a1))), (G1 | (G1|(G2|a2)))| (G1 (@1|(G2|@2))) © Fi. 

Then (@9| (@| (@1|41)))| (@2| (@a| (@1|41))), (@1| (G1 | (G2]@2)))|(G1| (41 (@2/@2))) © Dicey Mi. 

(SF.2) Suppose that a € (),c) Fj and (@1|(G@2|@2))|(@1|(@2|a2)) € Nye, Fi hold for a1, a2 € A, 

that is Gd, € F; and (G1|(@2|G2))|(a1| (@2|G2)) = 0 hold for alli € A. Then dg € F; for alli € X. 


Then a2 € (),¢) Fj. Therefore (),-) Fj is a Sheffer stroke BH-filter of A. 


The union of Sheffer stroke BH-filters of Sheffer stroke BH-algebras may not be a Sheffer 


stroke BH-filter as in the following example. 


Example 4.2. Consider the Sheffer stroke BH-algebra in Example [3.3 Then it is obvious 
that F, = {t,1} and Fy = {u, 1} are two filters of A. The union of that filters is not a Sheffer 
stroke BH-filter of A. Since u,t € Fy \J Fo, but (ul(ul(t|t)))|(ul(ul(¢|t))) =a € FLU Fo. 
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Proposition 4.2. Let {F;,i € A} be a chain of Sheffer stroke BH-filters of A. Then Use, Fi 
is a Sheffer stroke BH-filter of A. 


5. HOMOMORPHISMS ON SHEFFER STROKE BH-ALGEBRAS 


In this section, we present some definitions and concepts about homomorphism between 


Sheffer stroke BH-algebras. 


Definition 5.1. Let (A,|4,04,14) and (B,|g,0pB,1B8) be Sheffer stroke BH-algebras. A 


mapping f : A —> B is called a homomorphism if 
f(Gi|aa2) = f(%1)|Bf (a2), 
for all a1, dg CA. 


A Sheffer stroke BH-homomorphism f is called a Sheffer stroke BH-monomorphism if it 


is injective. 


Lemma 5.1. Let (A,|4,04,14) and (B,|p,0g,1p8) be Sheffer stroke BH-algebras and f : 
A —> B be a monomorphism. Then if F is a filter of A, f(F) is a filter of B. 


Proof. Let (A,|4,04,14) and (B,|g,0g,18) be Sheffer stroke BH-algebras and f : A —> B 


be a monomorphism. 


(i) Let F be a Sheffer stroke BH-filter of A and a, a2 € f(F). Then there exist x,y € F 
such that % = f(x), G2 = f(y). Since F is a filter, then (%2|p (Gal 8 (Gil pa1))) |B (Gale 
(@2|a(ailea1))) = (fla fwla(f(| af a) ea fwlafWla(f(@laf(2)))) = 
f(YlaGla(z|az)))|aQylaQla(z|4z)))) € f(F). Hence (@2| 2 (42|_(41|841))) |B (@2| 8 (a2 
|e(@i|pa1))) € f(F). Similarly, (@1|p(@1|5(G2|B42)))|B(41|B(41|B(42|_BG2))) € f(F). 


Let a, € f(F) such that (@1|8(d2|42))|B(41|B(a2|Ba2)) = Og. Then there exist 


SS 


(ii 
gre wachthnteey = Gand os = FO. Inthe Gace we have el psieee)) 
|e (41|B(41|B(42|B42))) = (F@)laSMlefm)ief@laSwmlafy)) = f(zlaylay) 
)la(zla(ylay))) = OB = f(0a). Since f is an injective, then ((z|4(y|ay))|4(z|4(ylay))) 
= 0,4. Thus y € F. So, 2 = f(y) € f(F). Therefore, f(F) is a filter of B. 


Theorem 5.1. Let (A,|4,04,14) and (B,|B,0p,1B) be Sheffer stroke BH-algebras and f : 
A —+ B be a homomorphism. If F is a filter of B, then f~'(F) is a filter of A. 
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Proof. Let (A,|4,04,14) and (B,|g,0g, 1g) be Sheffer stroke BH-algebras and f : A —> B 

be a homomorphism. Suppose that F is a filter of A. 

e Let a1, a2 € f~!(F). Then f (a1), f(a2) € F. Since F isa filter, then (f(a2)|B((f(a2)|B(f (a1) 
la f(41)))))|BUf (a2) |B (CF (G2) |B (F (a1) |B f(a1))) = F((G2|A(@2| 4(41|441))) | a (G2] a (@2| 4 (G1 [aa 

)))) € F. Therefore, (@2| a (G24 (41| 441)))|4(@2|4(G2|4(Gi]4a1))) € f7"(F). Similarly, (@|4(a 
|.4(@2| 442)))|4(@1|4 (Ha (G2| 4@2))) € fo'(F). 

e Let a € f-'(F) such that (@1|4(d2|442))|4(@1|4(@2|4@2)) = 04. Then f(a@,) € F and 

f((G1|a(@2| 442) )| (41 | 4 (@2| 442))) = (F (a1) |B (Ff (42) |B f(@2))) af) |B (F (42) Bf (@2))) = FC 

04) =Og. Hence f(a) € F. Thus a € f-!(F). Therefore, f~1(F) is a filter of A. 


Proposition 5.1. Let A and B be Sheffer stroke BH-algebras and f : (A,|4,04) > (B,|B, 0p) 
be a Sheffer stroke BH-homomorphism. If 


(a1|(@2|@2))|(@1|(G2|@2)) = (@3|(@2|42))|(@3|(G2\a2)) implies a, = a3 
holds for all G1, a2,43 € A, then Ker(f) is a Sheffer stroke BH-filter of A. 


Proof. (SF.1) Let @1,a2 € Ker(f). Then since f(@1) = Og and f(a@2) = Op, we have 
f ((@2|a(@2|4(@1|441)))|A(@2|4 (@2| 4 (@1]421)))) = (F G2) a (F(@2) a (Ff (Gi) a f(a) a (F(@)|B 
(f (42) a (f(a) |B f(a1))) = OB. Hence (42|4(@2|4(@1|441)))| A(G2|4(G2|4(G1|441))) € Ker(f). 
Similarly, (41|4(@1|a(@2|4@2)))|4(@1|4(@1|4(42| 442))) € Ker(f). 

(SF.2) Let a; € Ker(f) and a2 € A such that (a1|4(G@2|44@2))|4(G1|4(G2|4a2)) = 04. Then 
f (a1) = 0g and f((a1)|4(42|442))|A(G1|4(42| 442))) = f(@1) |B (F (G2) Bf (42))) a f(a1) |B (F (a2) 
le f(a2))) = f(04). We get (Os|e(f(a2)|B(f(42)))) |e Osla(f(42)|B(F(@2)))) = (F(@2) BUF (G2) 
la(f(42))))|B(f(@2)|B(f (42) |B(f(42)))). We obtain f(a2) = 0g. Thus a2 € Ker(f). There- 
fore, Ker(f) is a filter of A. 


Lemma 5.2. Let N be a normal subalgebra of A. Define a relation ~n on A by a1 ~n G2 
if and only if (G1|(G@2\a2))|(a1|(G2|@2)) € N, where a1,@2 € A. Then ~yn is an equivalence 


relation on A. 


Proof. . Reflexive: Since 0 € A, we have (41|(@1|@1))|(@1|(@1|@1)) =0 € Aie., G1 ~y a for 
any a, € A. This means that ~y is reflexive. 

. Symmetric: Let a] ~y Gg. Then (a1|(G2|G2))|(a1|(a2|a2)) € N and (dg|(G1|@1))|(a2|(a1|a1)) € 
N by Proposition [3.1] We obtain Gg ~y @, for any a1, a2 € A. 


. Transitive: Let a] ~yn Gg and @2 ~yn a3. Then (G1|(G@2|G2))| (a1 | (a2|G2)) € N and (d2|(G3|@3))| 
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a3|(a2|@2)) € N. Since N is a nor- 
))I(((@1|(@3]43) )|(@1|(43|43)))|(@e 
(a1 |(43|43)))|(0|0))=((41|(@3]a3))| 


(d2|(43|@3)) € N. By Proposition|3.1] we have (a3|(a 
mal subalgebra, then (((@1|(@3|@3))|(@1|(G@3|@3)))| (@a| (d2| G2 


(a2|42))) = (((a1|(as|a3))| (aa (@s]@3)))|(0/0))|(((41|(4@s|@3))| 


(41|(G@3|@3)) € N. We obtain a, ~y Gg for any a1, G2, a3 € A. 


Lemma 5.3. An equivalence relation ~, is a congruence relation if and only if G, ~» a2 and 


ms. y imply (ai|(x|x))|(Gi|(@]2)) ~» al(yly))|(@2l(yly))- 


Lemma 5.4. Let N be a normal subalgebra of A and the binary relation defined as Lemma 


Then ~y is a congruence relation on A. 


Proof. Let x, y, 41,42 be any elements in A such that ad, ~y a2 and x ~y y, ie., (d1|(G2|G2))| 
(G1|(G2|@2)) € N and (2|(yly))|(z|(yly)) € N. Since N is a normal subalgebra, we get 
(((41|(x|x))| Ga] (x|x)))] Gal (uly)))1 (Cal (2]2)) (G1 |(z|x))) (Gal (yly))) € N. Then (4|(x|x)) 


(G1|(xz|x)) ~« (G2|(yly))|(G2|(yly)). Therefore, ~y is a congruence relation on A. 


Denote the equivalence class containing a by [d@1]y, ie., [@i]w = {a2 € N | dy ~w ao} 


and A/N = {[ai]n | ay € A}. 


Theorem 5.2. Let N be a normal subalgebra of A. Then (A/N,|,[0|n) is a Sheffer stroke 
BH-algebra. 


Proof. If we define [&]n|[@2] := [ai|42]y, then the operation | is well-defined, since if 
a1 ~n p and a2 ~w q, then (4;|(p|p))|(@|(plp)) € N and (a2|(qlq))|(4al(ala)) € N im- 
plies (((@1|(@2|@2))|(41|(G2|42)))|(Pl(gla)))|(((@1|(@2|@2) )|(41|(G2|42)))|(Pl(ala))) € N by nor- 
mality of N. Then we have (((41|(@|@2))|(@i|(@2|@2))) ~n (((PI(ala))|(Pl(alg))) and so 
((@1|(4@2|@2))|(@1|(@2|@2)))w = (((rl(ala) )l(pl(ala))))w. Note that [O]y = {a1 € A | a ~w 
O} = {41 € A| (@1|(0/0))|(@i|(0|0)) € N} = {a1 CA] 4 ENF HN. 


(sBH.1) ([aa)n| (aa) {lain (l@r}v | (aa ]v [aaJiv) = [0] , 
(sBH.2) ([a1]n|([@2].v|[a2]v)| (Lea) ([@2]v [@2]v) = [0] and ([42].n| (ai ].v| [a1] )| (a2). | (aa ]v 
|[@1]v) = [O]w imply [a1] = [a2]. 

The Sheffer stroke BH-algebra A/N discussed in Theorem |5.2|is called the quotient Sheffer 


stroke BH-algebra of A by N. 


Example 5.1. Consider the Sheffer stroke BH-algebra in Example[3.3\ For the normal subal- 
gebra F = {0,t} of A, Br = {(0,0), (x, x), (y, y), (z, Z), (t,t), (u, wu), (u,v), CL, 1), (0, £), (¢, 0), (z, 
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1), (1, z)} ts @ congruence on A defined by F. Then (A/F,|g,,[0]s,) 1s a Sheffer stroke BH- 


algebra with the following Hasse diagram in which the quotient set is A/F = {[0]g,, [r],5 


len 
[1apt: 


[]s. 
[2] Br ly Br 
[0], 
FIGURE 2. Hasse diagram 


The binary operation |g, on A/F has Cayley table in Table 7. 


TABLE 7 


O} 6p le, l\ez len len 
T| 8p l\ap Yl Bp lan Yl Bp 
Y|Bp lan lap T\Bp |{\6r 


Theorem 5.3. Let N be a normal subalgebra of A. Then [0|n is a normal subalgebra of A. 


Proof. Since 04 € [0|n, [O]w is non-empty. Let (@1|(@1|41))|(@1|(41/41)), (@2|(@2|a2))| 
(G2|(@2|@2)) € [O]v. Then (((41|(@2|4@2))|(G1|(G2|@2)))| (41 | (@2/@2)))| (((G1| (@2|@2))| (41 | (@2|@2)))| 
(G1|(G2|a@2))) = 0 € [0]. By Theorem [3.7] [O]w is a normal subalgebra of A. 


Theorem 5.4. Let N be a filter of A and (A/N,|',[O|y) be a Sheffer stroke BH-algebra. If 
F is a filter of A such that N C F, then F/N is a Sheffer stroke BH-filter. 


Proof. Let F be a Sheffer stroke BH-filter of A. 
e Let [a], [aa] € F/N, then ([@2)v| ([a2}v1 ([@aJvl [@aJv)))| ([aalv | (eal | (aad | (aad) = 
[(a2| (da (1 |%1))) | (@2| (@2|(@1\@1))) |v. Hence ([a2)v| ([@2]v | ((@a).n' [@a}v))) | ((@all (ell (aad 


|'[ai]w))) € F/N. (Since (%2|(é2|(%1|é1)))| (al (42|(%1|a1))) € F, F is a filter of A).Similarly, 


/ 
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(awl ((@)wl ((@alvl falv))) 1 (adv (aa) (@elvl lel) € E/N. 
e Let a € F/N such that ((a:)y| ([aalv I [aal))| (fa) (aa) [aalw)) = [O]w. Then 
[(@1|(@2|@2))|(@1|(42/42)))w = [O]. Hence ((@1|(42|42))|(@1|(@2|@2)))|(0/0)|((41| (@2|@2) )|(@1 | (Go| 
2)))|(0|0) € N. Since ((&1|(é2|G2))|(%1|(d2|a2))) € N, we have G2 € F/N. We obtain 
[ta] v = [&i]n, then [a9]v € F/N. Therefore, F/N is a filter of A. 


Theorem 5.5. Let N be a normal subalgebra of A. Then the mapping y: A— A/N given 


by y(@1) := [ai] ts a surjective Sheffer stroke BH-homomorphism and Kery = N. 


The mapping y discussed in above theorem is called the natural(or canonical) homomor- 


phism of A onto A/N. 

Theorem 5.6. Let gy: A— B be a Sheffer stroke BH-homomorphism. If 
(41|(42|42))|(@1|(G2|@2)) = (@3|(@2|@2))|(43|(42|@2)) tmplies a, = a3 

hold for all 41, G@2,a3 € A, then » is injective if and only if Kery = {04}. 


Proof. Let @,@2 € A with y(a@1) = y(a2). Then from (sBH.1), we obtain (p(a1)|(y(d2)|y(a2)))| 
(p(a1)|(P(42) (a2) = OB. So (a1|(G2|@2))|(G1|(@2|4@2)) € Kery. Since Kerp = {0a}, 


(@1|(@2|@2))|(@1|(@2|@2)) = 04=(a2|(G2|@2))|(G@2|(@2|a2)). Then a; = a2. Hence ¢ is injective. 


The converse is trivial. 


Theorem 5.7. Let py: A— B be a Sheffer stroke BH-homomorphism. If 
(@1|(@2|@2))|(G1|(G2|42)) = (43|(G2|42))|(43|(G2|@2)) implies a = a3 


hold for all G1, G@2,43 € A, then Kery is a normal subalgebra of A. 


(| 
Kerg. Then (9(41)|(p(@2)|9(42)) (ea) (92) |e (42))) = 9 = PMIYMleM)IY@lGW) 
lp(y)))- Since p(a1) = (a2) and y(a) = ply), we obtain p((((41)|(#|a))|(4a|(#]2)))|(@alyly)))| 
(ai) [(a]2)) (41 l(a 12))) (G2l(Yly D=CHaleMle@)IG@)Yle@))))I(eGa)l(eW)| 
PY IICPaNY@le@)))Y@EMe@)) NEG) (Mle) I= (K@)le@)) 
NE@eCOee Earle) (ea eolee))lY@)(P)e@))(la)I( 
y(x)|p(x)))) = 0. Then we have ((((a1)|(x|x))|(41|(a|x)))|((42l (yly))|(@al uly))| Gal uly) (al ( 


yly)))) € Kery. Hence Kery is a normal subalgebra of A. 


By Theorem and if gy : A > B is a Sheffer stroke BH-homomorphism, then 
A/Kerg is a Sheffer stroke BH-algebra. 
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Theorem 5.8. Let py: A > B be a Sheffer stroke BH-homomorphism. Then A/Kery ~ 


Imy. In particular, if p is surjective, then A/Ker = B. 


Theorem 5.9. Let N and K be normal subalgebra of A, and K C N. Then A/N & 
(A/K)/(N/K). 


Theorem 5.10. Let A, B and C' be Sheffer stroke BH-algebras, andh: A > B be a 
Sheffer stroke BH-epimorphism and g: A + C be a Sheffer stroke BH-homomorphism. If 
Ker(h) C Ker(g), then there exists a unique Sheffer stroke BH-homomorphism f : A > B 


satisfying foh=g. 


Theorem 5.11. Let A, B and C' be Sheffer stroke BH-algebras, andh: B + C bea 
Sheffer stroke BH-homomorphism and g:A— C be a Sheffer stroke BH-monomorphism. 
If Im(g) C Im(h), then there exists a unique Sheffer stroke BH-homomorphism f : A > B 


satisfying ho f = gq. 


Proof. For each a, € A, g(a@1) € Im(g) C Im(h). Since h is a Sheffer stroke BH-monomorphism, 
there exists a unique a2 € B such that h(a@2) = g(a,). Define a map f : A > B by f(a) = da. 
Then hof = g. Let 43, a4 € A, then g((a3|(a4|a4))|(43|(a4|a4))) = h(f((a3] (a4|aa))|(G3| (aalaa)))). 
Since h is injective, f((@3|(a4|a4))|(@3|(a4|aa))) = f (a3|(a4|a4)) 

| f((a3|(aaaa))) =F (431 f (a4) F(a4))|F((G3)|f(a4)| f(a4)). Therefore, f is a Sheffer stroke BH- 
homomorphism. The uniqueness of f follows from the fact that h is a Sheffer stroke BH- 


monomorphism. 


Theorem 5.12. Let A and B be Sheffer stroke BH-algebras and f : A > B be a Sheffer 
stroke BH-homomorphism. If N is a normal subalgebra of A such that N C Ker(f), then 
f : A/N > B defined by f([aiJn) := f(é1) for all & € A is a unique Sheffer stroke 
BH-homomorphism such that foy = f where y:A— A/N is natural Sheffer stroke BH- 


homomorphism. 


Corollary 5.1. Let A and B be Sheffer stroke BH-algebras and f : A > B be a Sheffer 
stroke BH-homomorphism. If N is a normal subalgebra of A such that N C Ker(f), then 
the following are equivalent: 

(i) there exists a unique Sheffer stroke BH-homomorphism f : A/N —> B such that foy = f 
where y: A— A/N is the natural Sheffer stroke BH-homomorphism; 

(it) N C Ker(f). 

Furthermore, f is a Sheffer stroke BH-monomorphism if and only if N = Ker(f). 
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Proof. (ii) = (2): It is obtained from Theorem [5.11] 
(i) => (i): If a € N, then f(a1) = (fo y)(a1) = F([aiJw) = f((O]lw) = f(0) = 0. Thus, 
ai € Ker(f). 


Furthermore, f is a monomorphism if and only if Kerf = {N} if and only if f(a) = 0 


implies [41] = [O]~ = N if and only if Ker(f) CN. 


6. CONCLUSION 


In this study, we have given a Sheffer Stroke BH-algebra, and study a Cartesian product, 
a filter, a homomorphism between Sheffer stroke BH-algebras, kernel and many features 
in Sheffer stroke BH-algebras. After giving basic definitions and concepts about Sheffer 
stroke operation and a BH-algebra, we describe a Sheffer stroke BH-algebra and present 
basic notions about this algebraic structure. We show that a Sheffer stroke BH-algebra is 
a BH-algebra and that a Cartesian product of two Sheffer stroke BH-algebras is a Sheffer 
Stroke BH-algebra. After defining a subalgebra and a normal subset, we introduce the 
relation between a subalgebra and a normal subset on Sheffer stroke BH-algebra. We define 
a filter of a Sheffer stroke BH-algebra. Finally, a homomorphism between two Sheffer stroke 
BH-algebras is described and it is stated that mentioned notions are preserved under this 
homomorphism. It is shown that a kernel of a homomorphism is a filter of Sheffer stroke 
BH-algebra under one condition. 

Acknowledgments. The authors are extremely grateful to the editor and the referees 
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ABSTRACT. The main purpose of this manuscript is to introduce the concept of e*-topological 
ring. This class appears as a generalised version of the class of $-topological rings. In ad- 
dition, we have discussed the relation between the concept of e*-topological ring and some 
other types of topological rings existing in the literature. Also, some fundamental results 
about e*-topological rings are revealed. Moreover, we give some counterexamples regarding 
our results. 

Keywords: topological ring, e*-open, e*-topological ring, e*-continuous 
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1. INTRODUCTION 


In topology, it is sometimes necessary to use algebra to find solutions to some problems, 
such as determining whether two topological spaces are homeomorphic. For instance, if the 
fundamental groups of two topological spaces are not isomorphic, then the topological spaces 
can not be homeomorphic. Thanks to fundamental groups of topological spaces, we can 
decide that two topological spaces are not homeomorphic but not all. This situation leads to 
the definition of different concepts in the related field. One of these concepts is the concept 
of topological ring. To better understand topological rings, the concept of topological groups 
should be well known. A topological group is a group X that is also a topological space such 


that the addition and the inversion are continuous as functions w : X > X,x# 1H —a and 
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p: XxX > X,(a,y) 6 «+ y, where X x X carries the product topology. The concept 
of topological ring was first introduced in [4] [5] by Kaplansky. A topological ring is a ring 
X that is also a topological space such that both the addition and the multiplication are 
continuous as functions y : X x X > X, where X x X carries the product topology. That 
means X is an additive topological group and a multiplicative topological semigroup. 

The types of open sets in the literature such as a-open [9], semi-open [8], pre-open [10], 6- 
open [I], etc. allow a generalization of the notion of topological ring. Studying the features of 
these generalised versions and investigating their relations with topological rings are just some 
of the different advances in the literature. Some of the recent advancements in this direction 
are 3-topological rings [2], irresolute topological rings and a-irresolute topological rings 
(Ti. 

In 2021, Billawaria et al. studied 6-topological ring which is a more general notion than 
the notion of topological ring [2]. They have revealed some fundamental properties of (- 
topological rings. Also, the authors gave some other useful results on 6-topological rings. 

In this paper, we introduce the notion of e*-topological ring by utilizing e*-open sets 
defined by Ekici in [3B]. Also, we obtain some of its fundamental properties. Moreover, we 
compare between this notion and some notions existing in the literature. In addition, we give 
some counterexamples regarding our results obtained in the scope of this study. Furthermore, 


we provide an example of e*-topological ring which is not a $-topological ring. 


2. PRELIMINARIES 


Throughout this paper, (X, jw) and (Y, p) (or briefly X and Y) always mean topological 
spaces. For a subset F of a topological space X, the interior of F and the closure of EF are 
denoted by int(F) and cl(F), respectively. The family of all open (resp. closed) sets of X will 
be denoted by O(X) (resp. C(X)). In addition, the family of all open sets of X containing 
a point a of X is denoted by O(X,a). Recall that a subset F of a space X is called regular 
open (resp. regular closed [13]) if EF = int(cl(E)) (resp. E = cl(int(E))). The family of 
all regular open subsets of X is denoted by RO(X). The family of all regular open sets of X 
containing a point a of X is denoted by RO(X, a). 

The union of all regular open sets of X contained in F is called the 6-interior of FE and is 
denoted by 6-int(E). A subset FE of a space X is said to be d-open if A = 6-int(A). Also, 


a subset E of a space X is said to be 6-closed if its complement is d-open. The intersection 
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of all regular closed sets of X containing EF is called the 6-closure of EF and is denoted by 
6-cl(E). 

A subset E of a space X is called e*-open if E C cl(int(é-cl(E))). The complement of an 
e*-open set is called e*-closed. The intersection of all e*-closed sets of X containing F is 
called the e*-closure of E and is denoted by e*-cl(F). Dually, the union of all e*-open sets 
of X contained in E is called the e*-interior of E and is denoted by e*-int(E). The family 
of all e*-open subsets (resp. e*-closed) X denoted by e*O(X) (resp. e*C(X)). The family of 
all e*-open (resp. e*-closed) sets of X containing a point a of X denoted by e*O(X, a) (resp. 
e*C(X,a)). 


Definition 2.1. [4] Let (X,+,-) be a ring and p be a topology on X. The quadruple (X, +,-, 4) 
is called a topological ring if the following three conditions hold: 

i) For every a,b € X and every open set M € O(X,a+)), there exist K € O(X,a) and 
L € O(X, 6) such that K+ LC M, 

it) For every a € X and every L € O(X,—a), there exists K € O(X,a) such that —K C L, 

iti) For every a,b € X and every M € O(X, ab), there exist K € O(X,a) and L € O(X, b) 
such that KL C M. 


Definition 2.2. [2] Let (X,+,-) be a ring and pw be a topology on X. The quadruple (X, +, -, 11) 
is called an 8-topological ring if the following three conditions hold: 

i) For every a,b € X and every M € O(X, a+b), there exist K € BO(X,a) and L € GO(X, b) 
such that K+ DCM, 

it) For every a € X and every L € O(X, —a), there exists K € GO(X,a) such that —K C L, 

iti) For every a,b € X and every M € O(X, ab), there exist K € BO(X,a) and L € GO(X, b) 
such that KL C M. 


Definition 2.3. [3] A function f : (X,u) > (Y,p) is said to be e*-continuous if f~'[G] € 
e*O(X) for every G € O(Y). 


Lemma 2.1. A function f : (X,u) > (Y,p) is e*-continuous if and only if for every 
a € X and for every H € O(Y, f(a)), there exists G € e*O(X, a) such that f[G] C H. 


Definition 2.4. Let (X, 1) be a topological space and E C X. Then, the following state- 
ments hold: 

a) E is e*-open if and only if E = e*-int(E), 

b) E is e*-closed if and only if E = e*-cl(E). 
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Lemma 2.2. Let (X, 4) and (Y, p) be two topological spaces. If E € e*O(X) and F € e*O(Y), 
then E x F € &*O(X x Y, ux p). 


Proof. Let E € e*O(X) and F € e*O(Y). 
OIE) GSTAAD anni ic ell ena Gaal yy) Sees GAOT) 
FeeO(Y) > F C dl(int(6-cl(F))) 

E))) x cl(int(6-cl(F))) 
l(E)) x int(6-cl(F))| 
= c(int|d-cl(E) x 6-cl(F)]) 
= cl(int(d-cl(E x F))) 


=>ExF C d(int(d-cl 
| 


= cl[int(d-c 
int|d-c 


This means E x F' € e*O(X x Y). 


3. e*-'TOPOLOGICAL RINGS 
Now, we introduce and study the concept of e*-topological ring by utilizing e*-open sets. 


Definition 3.1. Let (X,+,-) be a ring and ps be a topology on X. The quadruple (X, +, -, 11) 
is called an e*-topological ring if the following three conditions hold: 

i) For every a,b € X and every open set M € O(X,a+), there exist K € e*O(X,a) and 
Lée*O(X,b) such that K+ LC M, 

it) For every a € X and every open set L € O(X,—a), there exists K € e*O(X,a) such 
that —K CL, 

iti) For every a,b € X and every open set M € O(X, ab), there exist K € e*O(X,a) and 
Lée*O(X,b) such that KL C M. 


Remark 3.1. It is clear that every G-topological ring is an e*-topological ring since every 
B-open set is an e*-open set. Nevertheless, the converse need not always to be true as shown 


in the following example. 


Example 3.1. Let X = {k,l,m,n} and pw = {0,X, {k}, {k,]}}. Let the addition and the 


multiplication operations on X be as given in the following tables: 


See ae We eo ee k| l|min 
a eval Wea) Be S| ake [ike |e 
L| l|min L|k|m|k}m 
Te | eRe | | RA m\|k\|k\|k\k 
n}|l|k|}ljm n{|k|m|kim 
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In this topological space, simple calculations show that e*O(X) = 2* and BO(X) = 
{0,X, {k}, {k, n}, {k, m}, {k, I}, {k, 1, n}, {k, l,m}, {k,m, n}}. Then, it is clear that (X, +, -, 12) 


is an e*-topological ring but it is not a 6-topological ring. 


Example 3.2. Let (IR,+,-) be the ring of real numbers and let U the usual topology on R. 


Then, (R,+,-,U) is an e*-topological ring. 


Example 3.3. Let (X,+,-) be any ring and let y the discrete topology on X. Then, (X, +, -, 11) 


is an e*-topological ring. 


Theorem 3.1. Let (X,+,-,1) be an e*-topological ring. Then, the following functions are 
e*-continuous. 

a) +: X? 5X defined by +(2,y) = x+y for all (a, y) € X?, 

b) -: X* + X defined by -(x,y) = xy for all (x,y) € X?, 

c) —:X > X defined by —(x) = —a for all x € X. 


Proof. a) Let (x,y) € X? and W € O(X,x+y). 
W € O(X%,2+y) > (AU € &O(X,2z))(AV € #O(X,y)) (U+V CW) Lemma 
O:=UxV 


=> (0 € e*O(X’, (z,y)))(4+[O] = +[U x VJ] =U+V CW). 
b) Let (x,y) € X? and W € O(X, zy). 
W € O(X%, zy) => (SU € e*O(XK, z))(AV € &*O(X, y)) (UV CW) Lemma 22 
O:=UxV 
=> (0 € e*O(X?, (x, y)))(-(O] = -[U x V] =UV CW). 
c) Let V € O(X). Our aim is to show that —~![V] € e*O(X). 
—l[V] ={@eX:-(2)eV}={#eX:-ceEeV}=-V 
V € O(X) 


Teorem B.2] AV] = e*O(X). 


Theorem 3.2. Let (X,+,-,,) be an e*-topological ring. Then, the following properties hold. 
a) If G € O(X), then —G € e*O(X), 
b) IfG € O(X) anda € X, thena+G € e*O(X), 
c) If G € O(X) anda € X, then G+a€ e*O(X). 


Proof. a) Let G € O(X). 
G € O(X) > -—G CX = e*-int(—G) C -G...(1) 
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Now, let b € —G. Our purpose is to show that b € e*-int(—G). 


be-G>-beG efinition _ 
Deena ay ee*O(% b\-0 CG) 
G € O(X) 
=> (AU € e*O(X,b))(U C -G) 


=> b € e*-int(—G) 
Then, we have —G C e*-int(—G)... (2) 
(1), (2) > e*-int(—G) = —G > —G € e*O(X). 
b) Let G € O(X) and a € X. Our purpose is to show that a+ G € e*O(X). For this, we 


will show that a+ G = e*-int(a+ G). Now, let b € a+G. If we prove b € e*-int(a+G), then 
the proof complete. 

beat+Gs (Ace G)(b=a+c) 

G € O(X) 

Definition BU (377 € e*O(X,—a))(AV € e*O(X, b))(-a t+V CU4+V CG) 


} + «rhe coors 


=> (AV € e*O(X,b))(-a + V CG) 
=> (AV € &O(X,b))(V Ca+G) 


=> b€ e*-int(a+G). 


c) This follows (b) since the addition is commutative. 


Corollary 3.1. Let (X,+,-,:) be an e*-topological ring and G C X. Then, the following 
statements hold. 

a) If G € O(X), then —G C cl(int(d-cl(—G))), 

b) If G € O(X), thena+G C cl(int(d-cl(a + G))) for every a € X, 

c) IfG € O(X), then G +a C cl(int(d-cl(G + a))) for every a € X. 


Theorem 3.3. Let (X,+,-,) be an e*-topological ring and G C X. Then, the following 
properties hold. 

a) IfG € C(X), then —G € e*C(X), 

b) Ifae X and G € C(X), thena+G € e*C(X), 

c) Ifae X andG € C(X), thenG+a€ e*C(X). 


Proof. a) Let G € C(X). Our purpose is to show that —G € e*C(X). Now, let b € e*-cl(—G). 

We will show that 6 € —G, i.e. —b€ G. Let W € O(X, -0). 
W € O(X, —b) > (AU € e*O(X, b))(—U C W) 
b € e*-cl(—G) 


= (UC —-Ww)\(UN(—-G) £9) 
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> 0¢UN(-G)¢ (-W)n(-@) 
>WnGFO0 

Then, we get —b € cl(G). Since G € C(X), we have —b € G, i.e. b € —G. Thus, we have 
—G C e*-cl(—G) C —G, ie. —G = e*-cl(—G). This means —G € e*C(X). 

b) Let b € X and G € C(X). Our purpose is to show that a+ G € e*C(X). Now, let 
b € e*-cl(a+ G). We will prove that b€ a+G,ie. -a+be€G. Let W € O(X,—-b+a). 

W € O(X, —a + b) > (BU € e*O(X, —a))(AV € &*O(X, y))(U+ V CW) 

b € e*-cl(a+ G) 7 


=>(U+V  CW)(VO(a4+G) 40) 
=0A(-a+V)NGC(U+V)NGCWNG 


>WnGFO0 
Then, we have —a+ b € cl(G). Since G € C(X), we get -a+b€ G. Hence, be a+G. 


c) This follows (b) since the addition is commutative. 


Corollary 3.2. Let (X,+,-,) be an e*-topological ring and G C X. Then, the following 


statements hold. 
a) If G € C(X), then int(cl(int(—G))) C —G, 
b) If G € C(X), then int(cl(int(a+G))) Ca+G for alla € X, 


c) IfG € C(X), then int(cl(int(G + a))) CG+a for alla € X. 


4. MAIN RESULTS 
In this section, we obtain some basic properties of e*-topological ring. In addition, this 
section contains the definition of e*-topological rings with unit and many fundamental results 


on this new notion. 


Theorem 4.1. Let (X,+,-,1) be an e*-topological ring. Then, the following functions are 
e*-continuous: 

a) For a fixeda € X, fa: X > X defined by f.(b) =a+b for all b € X, 

b) f: X > X defined by f(a) = —a for alla € X, 

c) For a fixeda € X, fa: X > X defined by fa(b) = b+ a for allb € X, 

d) For a fixeda € X, fa: X > X defined by f.(b) =a+b-+a for allb€ X. 
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Proof. a) Let H € O(X). Our aim is to show that f;![H] € e*O(X). 
f,'(H] = {b € X|f,(b) €¢ H} = {be Xlbe -a +H} =-a+a Theorem EZ 
H € O(X) 
=> f1[H] € e*O(X). 
b) Let H € O(X). Our purpose is to show that f~![H] € e*O(X). 
f[H] ={a€ X|f(a@) € H} ={aeX|-ae H}=—-H 


H € O(X) 
c) This follows (b) since the addition is commutative. 


Theorgn [3.21 ¢—11 7) € e*O(X). 


d) This follows (6) and (c) since the addition is commutative. 


Definition 4.1. A bijective function f : (X,u) > (Y,p) which is e*-continuous and whose 


inverse is e*-continuous is called an e*-homeomorphism. 


Corollary 4.1. Let (X,+,-,) be an e*-topological ring. Then, the following functions are 
e* -homeomorphism. 

a) For a fixeda€ X, fa: X > X defined by f(b) =a+b for all b € X, 

b) f: XX defined by f(a) = —a for alla € X, 

c) For a fixeda € X, fa: X > X defined by fy(b) =b+a for all b € X, 
d) For a fixeda € X, fa: X > X defined by f,(b) =a+b+a for allb€ X. 


Definition 4.2. Let (X,+,-,) be an e*-topological ring. If (X,+,-) is a ring with unit, then 
(X,+,-,14) ts said to be an e*-topological ring with unit. The notation X* will be used to 


denote the set of all invertible elements in (X,+,-). 


Theorem 4.2. Let (X,+,-,) be an e*-topological ring with unit and G C X. Then, the 
following properties hold. 

a) If G € O(X), then Gs is e*-open in X for each s € X*, 

b) If G € O(X), then sG is e*-open in X for each s € X*. 


Proof. a) Let G € O(X) and s € X*. We will prove G's € e*O(X). If we prove Gs C e*-int(Gs), 
then the proof complete. Let b € Gs. 


be Gs > (Sk € G)(b= ks) _ 
=> (Ske G)(bs—} =) 
se T* > 


=> (3U € e*O(X, b))(AV € e*O(X, s“'))(Us-! CUV CG) 
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= (JU € e*O(X,b))(U C Gs) 


=> y € e*-int(Gs) 
Then, we have G's C e*-int(Gs) C Gs which means G's € e*O(X). 


b) It is proved similarly to (a). 


Theorem 4.3. Let (X,+,-,) be an e*-topological ring with unit and G C X. Then, the 
following properties hold. 

a) If Ge C(&), then Gs € e*C(X) for each s € X*, 

b) If Ge C(X), then sG € e*C(X) for each s € X*. 


Proof. Let G € C(X) and s € X*. 

b ¢ sG = (Vk € G)(bF sk) 
Hypothesis 

=> (Vk € cl(G))(s~'b £ k) 
=> sty ¢ cl(G) 

(AU € O(X, 871d) (UNG =9) 

= (4K € e*O(X,s~!))(AM € e*O(X, 87!) (6 IMNGC KMNGCUNG =D) 

( 


=> (Wk € el(G))(b # sG) 


IM € e*O(X,b))(s 1MNG =9) 
=> (4M € e*O(X,b))(MNsG = 9) 
= b ¢ e*-cl(sG) 
Then, we have sG C e*-cl(sG) C sG which means sG € e*C(X). 


b) It is proved similarly to (a). 


Theorem 4.4. Let (X,+,-,) be an e*-topological ring with unit and G C X. Then, the 
following properties hold: 

a) s-e*-cl(G) C cl(sG) for each s € X, 

b) int(sG) C s-e*-int(G) for each s € X. 

c) s-int(G) C e*-int(sG) for each s € X*, 
d) e*-cl(sG) C s-cl(G) for each s € X*, 
e) e*-cl(G)-s C cl(Gs) for each s € X, 


f) int(G) -s C e*-int(Gs) for each s € X*. 


Proof. a) Let a € s-e*-cl(G). Our purpose is to show that a € cl(sG). Now, let U € O(X,a). 
a € 8s-e*-cl(G) = (ab € e*-cl(G))(a = 8b) 
=> 
U € O(X, a) 
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=> (b € e*-cl(G))(AK € e*O(X, s))(AL € e*O(X, b)) (KL CU) 
=> (SK € e*O(X, s))(AL € e*O(X, b)) (KL CU)(LNG FB) 


=>0AKLAsGCUNSG 
> Q@#UNsG 
Then, we have a € cl(sG). 
b) Let a € int(sG). Our purpose is to show that a € s- e*-int(G). 
a € sG)(int(sG) € O(X,a)) 
db € G)(a = sb)(int(sG) € O(X, a)) 
U € &O(X, s))(AV € e*O(X, b))(sV C UV C int(sG) C sG) 
AV € e*O(X, b))(V C G) 
b € e*-int(G) 


a€int(sG) > 


=> 


( 
( 
( 
( 


4 4 J 


=> a=sbeés-e*-int(G). 
c) Let a € s-int(G). Our purpose is to show that a € e*-int(sG). 
aés-int(G) => sta€ int(G) 
= int(G) € O(X,s7!a) 


=> 


“—— 


WU € e*O(X,s71))(AV € e*O(X, a))(s-'V C UV C int(G) C G) 
=> (AV € &*O(X,a))(V C sG) 


=> a€e*-int(sG). 
d) Let a € e*-cl(sG) and W € O(X, s7!a). 
W € O(K,s~!a) > (AU € e*O(K, s1))(AV € e*O(K,a))(s-!V CUV CW) . 
a € e*-cl(sG) 
= (JU € e*O(X, s7))(aV € e*O(X,a))(s1V CUV CW)(V 8G £9) 


>QM@AUVNACWOHG 
>WnGFO 
Then, we have s~!a € cl(G) which means a € s - cl(G). 


e) Let a € e*-cl(G) - s. Our purpose is to show that a € cl(Gs). Now, let U € O(X,a). 
a € e*-cl(G) - s > (ab € e*-cl(G)) (a = bs) 
=> 


U € O(%, a) 


=> (b € e*-cl(G))(AK € e*O(X, b)) (AL € €* O(X, 8) (KL CU) 
=> (SK € e*O(X, b))(SL € e*O(X, s) (KL CU)/(KNGFO) 


=>0AKLNAGs CUNGs 


=> #AUNGs 
Then, we have a € cl(Gs). 
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f) Let a € int(G) - s. Our purpose is to show that a € e*-int(Gs). 
a € int(G)-s as! € int(G) 
int(G) € O(X,as~*) 
AU € e*O(X,a))(AV € e*O(X, s—1))(Us! C UV C int(G) C G) 
4U € e*O(X,a))(U C Gs) 


— 


4 4 Y J 


— 


=> a€e*-int(Gs). 
Theorem 4.5. Let (X,+,-,) be an e*-topological ring with unit and s € X*. Then, the 
following functions are e*-continuous. 
a) fs: X > X defined by f,(a) = sa for alla € X, 
b) fs: X > X defined by f,(a) = as for alla € X, 
c) fs: X + X defined by f(a) = sas for alla € X. 


Proof. a) Let U € O(X). Our purpose is to show that f>'[U] € e*O(X). For this, we will 
prove f;1[U] = e*-int(f;>1[U]). We have always e*-int(f>1[U]) C f>+[U]... (1) 
Now, let b € f;1+[U]. 


cane 


= bes !-int(U) Theorgm [Ld p € e*-int(s—1U) 
U € O(X) > U = int(U) > 


s1U = fs *[U] 
= be f*U] 

Then, we have f>![U] C e*-int(f>1[U]) ... (2) 

(1), (2) => f5*[U] = e*-int(fo*[U]) > fr *[U] € e*O(X). 

b) This follows Theorem |4.4 

c) This follows (a) and (6). 


Corollary 4.2. Let (X,+,-,~) be an e*-topological ring with unit and s € X*. Then, the 
following functions are e*-homeomorphism. 

a) fs: X +X defined by f,(a) = sa for alla € X, 

b) fs: X > X defined by f,(a) = as for alla € X. 

c) fs: X > X defined by f,(a) = sas for alla € X. 


Theorem 4.6. Let (X,+,-,1) be an e*-topological ring and G C X. Then, the following 
properties hold for each a € X. 

a) a+e*-cl(G) Ccd(a+G), 

b) e*-cl(a+G) Ca+cd(G), 

c) a+int(G) C e*-int(a+G), 
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d) int(a+ G) Ca+e*-int(G). 


Proof. a) Let b € a+ e*-cl(G). Our purpose is to prove that b € cl(a+G). Now, let U € 
O(X, b). If we prove UM (a+ G) # 0, then the proof complete. 
bE at+e*-cl(G) > (Ac € e*-cl(G))(b=a+c) 
U € O(X,b) 7 


—— 


=> (SK € e*O(X,a))(SL € &*O(X,c))0 4 (K+ L)N(a+G) CUN(a+G)) 
=>Un(a+G) £0. 
b) Let b € e*-cl(a+G). Our purpose is to show that b € a+cl(G). Now, let U € O(X, —a+b). 


U € O(X,—-a +b) > (4K € e*O(K, —a))(SL € e*O(K,b))(—a +L CK 4 L CU) 
>04(-a+L)NGCUNG 
Therefore, —a + b € cl(G) which means b € a+ cl(G). 
c) Let b€ a+int(G). Our purpose is to show that b € e*-int(a+ G). 
beatint(G) => -a+be€int(G) € O(X) 
=> (4U € e*O(X,—a))(AV € e*O(X, b))(-a + V CU + V C int(G) C G) 
=> (AV eeO(X,b))\(V Ca+G) 


=> bee*-int(a+G). 


d) Let b € int(a+G). Our purpose is to show that b € a+ e*-int(G). 
b€ int(a+ G) = (AU € O(X, b))(U Ca+G) 
= (SU € O(X,b))(-a+U CG) 
Theorem. (_q4U € e*O(X,-a+b))(-at+U CG) Oo 


=> —a+b€ e*-int(G) 
= bea+t+e*-int(G). 


Theorem 4.7. Let (X,+,-,) be an e*-topological ring and G C X. Then, we have the 
following properties. 
a) —e*-cl(G) C cl(—G), 
b) e*-cl(—G) C —cl(G), 
c) —int(G) C e*-int(—G), 


d) int(—G) C —e*-int(G). 
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Proof. a) Let b ¢ cl(—G). 
b ¢ cl(—G) (AU € O(X,b))(U N(-G) = 9) 
(-U € e*O(X, -b))((-U) NG =9) 
~b ¢ e*-cl(G) 
b ¢ —e*-cl(G). 


4 4 Y J 


b) Let b ¢ —cl(G). 

—b ¢ cl(G) 

JU € O(X, —b) (UNG =) 

(—U € e*O(X, b))((—U) N (—G) = 0) 
b ¢ e*-cl(—G). 


b ¢ —cl(G) 


— 


4 4 J Y 


c) Let b € —int(G). 

—b € int(G) 

4U € O(X, —b))(U CG) 
(—U € e*O(X,b))(—U C —-G) 
b € e*-int(—G). 


b € —int(G) 


—— 


4 4 YoY 


d) Let b € int(—G). 

dU € O(X, b))(U C —-G) 
(—U € e*O(X, —b))(-U CG) 
—b € e*-int(G) 


b € int(—G) 


=— 


4 4 YY 


b € —e*-int(G). 
Theorem 4.8. Let (X,+,-,~) be an e*-topological ring and G C X. Then, we have the 
following properties for alla € X. 

a) a+ int(cl(d-int(G))) C cl(a+G), 
int(cl(d-int(a + G))) Ca+c(G), 
a+int(G) C cl(int(d-cl(a + G))), 
d) int(a+ G) C a+cl(d-cl(G)). 


b) 
c) 
Proof. a) Let GC X and a €X. 

(GC X)(a€ X) > a+ G) € C(X) rere _g 4 cl(a + G) € e*C(R) 

= int(cl(5-int(et-el(G)))) C int(cl(6-int(—a + l(a + G)))) C —a + cl(a + G) 

= int(cl(5-int(G))) C int(cl(5-int(et-cl(G)))) C —a + l(a +@) 

= a+ int(el(5-int(G))) C l(a + @). 
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b) Lett GC X and ae X. 
GCXsd(G)€C(X corgn EI 
aExX 
= int(cl(d-int(a + G))) C int(cl(6-int(a + cl(G)))) Ca+cl(a+G). 
c) Let GC X and ae X. 
G CX => int(G) € O(X 
= mn ( ) ( ) Theorem 3.2] ve int(G) E e*O(X) 
aEexX 
=> a-+int(G) C cl(int(d-cl(a + int(G)))) C el(int(d-cl(a + G))). 
d) Lett GC X and ae X. 


(G CX)(a € X) = int(a +. @) € O(X) TSB _¢ + int(a + G) € e*O(X) 


=> —a+int(a+ G) C cl(int(d-cl(—a + int(a + G)))) C el(int(d-cl(G))). 


Theorem 4.9. Let (X,+,-,4) be an e*-topological ring and G C X. Then, we have the 
following properties. 
a) —int(cl(d-int(G))) C el(—G), 
b) int(cl(d-int(—G))) C —cl(G), 
—int(G) C cl(int(d-cl(—G))), 
) 


) 
) ) 
d) int(—G) C —cl(int(d-cl(G))). 


Cc 


Proof. a) Let GC X. 


GCX => cl(—G) € C(X) 

Theorgn BZ] _ 1(—G) € e*C(X) 
=> int(cl(d-int(G))) C int(cl(d-int(—cl(—G)))) C —cl(—G) 
=> —int(cl(d-int(G))) C cl(—G). 


GCX 3. (Geox) 
Theorem [21 _61(G) € e*C(X) 


=> int(cl(d-int(—G))) C int(cl(d-int(—cl(G)))) C —el(G). 


Theorgm EZ _int(G) € e*O(X) 
=> —int(G) C cl(int(d-cl(—int(G)))) C el(int(d-cl(—G))). 
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d) Let G CX. 
GCx = int(—G) € O(X) 
Theorgm|3.2] int(—G) = e*O(X) 
= —int(—G) C cl(int(d-cl(—int(—G)))) C cl(int(6-cl(G))) 
=> int(—G) C —el(int(d-cl(G))). 


Theorem 4.10. Let (X,+,-,,:) be an e*-topological ring and G,H C X. Then, e*-cl(G) + 
e*-cl(H) C cl(G+ H). 


Proof. Let c € e*-cl(G) + e*-cl(H). Our purpose is to show that c € cl(G + H). Now, let 
W € O(X, c). 
c € e*-cl(G) + e*-cl(H) = (Aa € e*-cl(G)) 


os 


5b € e*-cl(H))(c = a+b) a 
W € O(X,c) 


= (JU € O(X,a))(AV € O(X,b) (U+V CW)UNG F0)\(VNH FD) 
= (W €O(X,c)) (UNG +(VNA) F0\(U+V CW) 

=> (W € O(X%,c))(Gt E X)(te (UNG) +(VNA))(U+V CW) 

=> (W € O(X%,c))(due UNG)(Av EVN A)\(t=u+v\U+V CW) 
= (W €O(X,c))(ueU)(ue Gv EV)(ve H(U+V CW) 

= (W €O(X,c))(utvEU+V)\(utvEG+H)(U+V CW) 

=> (W € O(X%,c) (ut+u € (U+V)N(G+H) CWH(G+H)) 

=> (W € O(X,c))(WN(G+ H) £9). 


Remark 4.1. The following example shows that the converse of inclusion given in Theorem 


4.10) need not to be true in general. 


Example 4.1. Let X = {k,l,m,n} and u = {0,X, {k}, {k, ]}}. Let the addition and multipli- 
cation operations on X be as given in Example[3. 1 For the subsets G = {k} and H = {m}, 
we have cl(G+ H) = cl({m}) = {m,n} and e*-cl(G) + e*-cl(H) = e*-cl({k}) + e*-cl({m}) = 
{k} + {m} = {m}. It is obvious that cl({m}) = {m,n} ¢ {m} = e*-cl(G) + e*-cl(H). 


Theorem 4.11. Let (X,+,-,) be an e*-topological ring and let (Y,+,-,p) be a topological 


ring. If f: X— Y is a ring homomorphism and continuous at Ox, then f is e*-continuous. 


Proof. Let f be a homomorphism and continuous at 0x. Our purpose is to show that f is 


e*-continuous. Now, let V € O(X, f(a)). 
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V € O(%, f(a)) > f(a) = f(a+ 0x) EV € O(T) 
f is homomorphism 
= f(a) + f(0x) € V € O(X) > —f(a) + V € O, f(Ox)) 


f is continuous in Ox 


= (SW € O(%, 0x))(f[W] C —f(a) + V) = (AW € O(%, 0x)) (fla) + FIW] SV) 


f is homomorphism 


=> (AW € O(X, 0x)) (fla + W] CV) 
U :=a+w 


=> (U € &*O(X,a))(f[U] CV). 


5. CONCLUSION 


The idea of obtaining more general results than those existing in the literature has led 
mathematicians to introduce new concepts such as topological groups, topological rings, 
topological fields, and topological vector spaces. In this article, we have introduced a new 
concept, called e*-topological ring, by utilizing e*-open sets. This new concept comes across 
as a more general concept than the concept of @-topological rings. On the other hand, the 
results given in this study coincide with the results given in regular topological spaces, 
since the collection of all 6-open sets is equal to the collection of all e*-open sets in regular 
spaces. We obtained not only many results related to this new notion but also gave some 
counterexamples. We believe that the results obtained in this study will find an important 


place in future research on topological rings. 
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1. INTRODUCTION 


In 3-dimensional spaces, a regular surface parameterized as U(u,v) = (u,v, z(u,v)) is called 


a translation surface if usually z(u,v) is of the form 
z(u,v) = f(u) + g(r), 


where f and g are differentiable functions of u and v, respectively. Scherk discovered 


the first non-trivial minimal translation surface in Euclidean 3-space E?, famously known as 
the Scherk surface, and is given by 


z(u,v) =—lo Gee a) 


b) 


cos (cv) 


where c(~ 0) is a constant. Planes and Scherk surfaces are the only minimal translation 


surfaces in E?. More than a century later, Liu proved that the circular cylinder is the only 
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translation surface with non-zero constant mean curvature [5]. The study of constant mean 
curvature translation surfaces has gathered significant attention. For some of the studies, 
we refer the reader to see [3} [4] (9| (12). A natural extension of the translation surface 
appears in the form of an affine translation surface, which is a surface parameterized by 


W(u,v) = (u,v, z(u, v)), where now 
z(u,v) = f(u) + glau+v), 


and a(# 0) is a constant. Liu and Yu proved that the non-trivial minimal affine translation 


surface in E? is given by 


Ke 1, cos (bV'1 + a?u) 
ie oy cos (b(v + au)) |’ 


where b(# 0) is a constant. This surface is known as the affine Scherk surface [7]. For other 


related works on affine translation surfaces, we refer the reader to see [6] (11). 


In connection to the non-zero constant mean curvature of affine translation surfaces, Liu and 
Jung [6] obtained the classification results in E?. Now, a Minkowski space is one of the most 
trivial indefinite space forms, and it marks its great significance as the trivial solution to the 
vacuum Einstein Field Equations without a cosmological constant. Inspired by the previous 


developments in the theory of constant mean curvature surfaces, we seek to classify spacelike 


affine translation surfaces with constant mean curvature in Minkowski 3-space E}. 


Consider W(u,v) to be a regular spacelike surface in Minkowski 3-space E?. The coefficients 


of the 1% fundamental form E, F',G of U(u,v) are given by 
B= (Wy, Vy), F = Wu, Uv), G = (Uy, Ur), 

and the coefficients of the 2”¢ fundamental form L, M,N of U(u,v) are given by 
L= (Wuyi), M = (Way, 2), N = (Yop, fi), 


where fi is the unit normal vector and (*, *) = du? + dv? — dz? is the Minkowski metric. The 


mean curvature H of the surface (u,v) is given by 


_ EN -2FM+GL 
(0) = “Sea — FB) 


(1.1) 


For a spacelike surface U(u,v) in E?, we have EG — F? > 0, and for a timelike surfaces 


EG — F? <0. In regards to the regular surface V(u, v) embedded in E3, following two types 


of affine translation surfaces exist: 
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(i) Affine translation surface of type 1: 


W(u,v) = (u,v, z(u, v)) (1.2) 


such that 


z(u,v) = f(u) + g(aut v). (1.3) 


(ii) Affine translation surface of type 2: 


U(u,v) = (u(v, z),v, 2) (1.4) 


such that 


u(v, z) = h(v) + t(bv + 2), (1.5) 


where a(# 0), b(4 0) are constants and f,g,h,t are smooth functions. We note that whenever 


a =0 or b = 0, affine translation surfaces reduce simply to translation surfaces. 


2. AFFINE TRANSLATION SURFACES WITH NON-ZERO CONSTANT MEAN CURVATURE 


Theorem 2.1. Let V(u,v) = (u,v, z(u,v)) be a spacelike affine translation surface of type 1 


in E}. If V(u,v) has a non-zero constant mean curvature, then z(u,v) is given by 


z(u,v) =+ Ee? ay ee + 4H?(b — au P+ (FES Jet 


2H (1 + a?) 1+ a? 


such that c? <1+a?; or 


Zt) = coe aye 4H?(b—u)*? +q 


such that c? <1; where a,b,c,p,q are all constants. 


Proof. We know that the mean curvature of a spacelike surface (u,v) = (u,v, z(u, v)) in E} 


is given by 


tsa) = (= Die Bavtte + 
2(1 _ eae = 2) 


(2.6) 


3 
2 
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where Z,, 2, denotes partial differentiation of z w.r.t. u and v, respectively. We obtain the 


following partial derivatives of z(u,v) from (1.3) 


Zu = fi tag’, 
zy = J’, 
Zuu = 7 + arg; (2.7) 
Zuuv = Cie 
Suv = ag", 
/ df ! dg , ; . 
where f’ = and g/ = fs for ¢ =au+v. Using (2.7) in (2.6), gives us 
—f" _ (1 ai a’) gi" ce (9? f" rs ae _ 2HT?, (2.8) 


where T? = 1—(f!+ ag')” — g” and H(# 0) is a constant. Eqn (2.8) writes as 
=(§= 9") f" — G40 =—7")q" =2n7T*: (2.9) 


Now, we have the following two cases: 


Case I. When f” = 0, we have f’ = c, where c is a constant. Substituting f’ = c in (2.9) 


gives us 


bolo 


~(1+0?—)g" =2H [1 - (c+ag’)” — 9” (2.10) 


Thus, we have 


3 
lee j ac ele 
5 g + 3 : (2.11) 
(1 + a?) I+a 


Making the following substitutions in (2.11) 


2H (1+ a2)? 
1+a?—c? 


no 


_ 2H(1+ a2)? 


ac 1+a?-¢ 
Spee = dvy= 
Oo THe? p ieg (1 + a2)’ 
results in 
dT 
a oe (2.12) 
2 
hn? - @ +8)"] 
Integrating (2.12) and isolating the expression for g’ gives us 
3 = 
ga: 7 (c1 — aa) B, (2.13) 


yl + 74(e, — ax)? 
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where cj is a constant. By integrating (2.13), we obtain 


g(x) =45y1 + 4 (cy ax)? Bu+ca, 


where cy is a constant. Substituting the values of a, 3 and ¥ in (2.14) gives us 


Vo 1 to? + 4H2%(c3 — 2)? (a) 2 +00, 


V1l+az—¢ 
2H(1 +a?) + a?) 


g(x) = + co 


where c3 is a constant. Also, f’ = c gives us 
f(u) =cut+ca, 


where cq is a constant. Thus from (1.3), (2.15) and (2.16), we have 


V1l+a?-c 
a(u,v) = DH + @) rvs + a? + 4H?(c3 — au — v)? 


4 U— aU + 
er ee 


where p is a constant and c? < 1+ a?. 


Case II. When f” #0. Differentiating w.r.t. u gives us 
(ag?) Ae 7 ag” 2 Say af” 
= —6HT|(f’ +ag') (f" +479") +aq'9". 
Now, differentiating w.r.t. vu gives us 
(1+? — f'?\g"” — 29/9" f" =-6HT|(f! + ag')ag” +99"). 
Eqn’s and yield 
(1-9!) f” — 27’ f"g" =-6HT(f’ + ag')f". 


Substituting the value of g” from (2.9) in (2.20), we have 


oHT? = (1—¢" 
(1+a?— f”? 


(1-9 ag = oP 


Thus, we obtain 


1-9") [0 +a? — f°)" + 27°F") 


= ~2HT |3(f! + ag) (1 +0? — f?) - 27?"| fF" 


2 = -6HT(f' +a9') f". 


(2.14) 


(2.15) 


(2.16) 


(2.17) 


(2.18) 


(2.19) 


(2.20) 


(2.21) 


(2.22) 
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Squaring both sides of (2.22) and substituting the value of T? gives us 


(1-9) [+a fp 4 2p p] 


— 4H? E — (f' tag’)? — | 


x [8(F/ +a9')(1 +a? — 7) —2{1-(f tag)? 97} F'] 772.28) 


We notice that the above expression can be expanded as a polynomial in the powers of g’. 
The coefficients of g’ in the above expression are functions of u, and the expression itself is 
identically zero, so each term must be zero. But, the coefficient of g’ with the highest degree, 
ie., 6 in (2.23), is -16H?7(1+ gyre pe. which is non-zero. Thus, it follows that g’ is a 
constant (Liu and Jung have used the same argument in [6]). Substituting g’ = c in 


yields 


210, 0) =] coe 


VEN [i+ 4H (0—u)? te (2.24) 


where b,c, q are constants and c? < 1. Thus, the proof of the theorem is complete. 


Theorem 2.2. Let U(v, z) = (u(v, z), vu, z) be a spacelike affine translation surface of type 2 


in E3. If U(v,z) has a non-zero constant mean curvature, then u(v, z) is given by 


i. 2) =2-—_, ——_ 


— he 
~ a ay V4 (a bu z)” (1 a) + (TE ere 


such that 1 — b? > 0; or 


alv,2) =a: 


“ 
a te Vet 4H (a - 0)? —l+cz+4q, 


where a,b,c,p,q are all constants. 


Proof. The mean curvature H(v,z) of a spacelike surface r(v,z) = (u(v,z),v,z) in E? is 


given by 


Oe (uz + 1) the — QUyUztvz + (u2 = tow (2.25) 


(a2 — uz — 1)3 
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where uy, uz denotes partial differentiation of wu w.r.t. v and z, respectively. We obtain the 


following partial derivatives of u(v, z) from (1.5) 


h dt 
where h’ = a and t/ = a for y = bu + z. Using (2.26) in (2.25), gives us 
v 


y 


hl + (1 _ ed Je (fal ai We) = 2HT®, 
where T? = t/? — (h’ + bt!) — land H(4 0) is a constant. Eqn (2.27) writes as 


(-1407)a" + (1-8 +h)\t" = 28 T%, 


Now, we have the following two 


Uy = h! + ot, 
uz =U, 

Upy = A" + bt", 
Ure = t", 


Uyz = be", 


cases: 


Case I. When h’ = c is a constant. It follows from (2.28) 


(1-8? +0?)e" = 2H |e? - (c+ oe)? - 1] 


Thus, we have 


Mo 


2H (1 — 6’) 


3 
2 


1— 6? 


+ ¢ 


Making the following substitutions in (2.30) 


2H (1 — 6?) 


a= 


results in 


Integrating (2.31) and isolating 


where c; is a constant. Thereby 


t(y) = 


1B + 


3 
2 


Ce? [=P 


t"’ 
le +p)’ - 7 


the expression for t’ gives us 


_ la ay) 
Va — ay)? = 1 
integrating (2.32), we obtain 


1 
$—y/4(c, —ay)? —1- By +c, 
ary 


B, 


i bo \? 1-RP +e 
1— b? (1 —B?)? 


(2.26) 


(2.27) 


(2.28) 


(2.29) 


(2.30) 


(2.31) 


(2.32) 


(2.33) 
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where c is a constant. Substituting the values of a, 8 and ¥ in (2.33) gives us 


Vv 1- b2 + c? 2 2 bc 
ig) ce HB) VOT [AEP (cs y) —(1 b) + py te. 
Also, h’ = c gives us 
h(v) =cvu+cea, 
where cq is a constant. Thus, from (1.5), (2.34) and (2.35), we have 
J=Pae ; 
u(v, z) =a Dee VP (cs bu z) (1 b?) 


where p is a constant. 

Case II. When h” # 0. Differentiating w.r.t. u gives us 
(—1427)n" + (1-0? +h? oe” + O(n! + one" 
= 6HT [bt't” — (h’ + bt’) (h” +074"). 

Now, differentiating w.r.t. z gives us 

(1—W +h?) e" + one! = 6HT [et" — (ni + be) be"). 

Eqn’s (2.37) and (2.38) yield 

(—1427)n" + on n'e! = -—6HT(h + bf)A". 


Substituting the value of ¢” from (2.28) in (2.39), we have 


2HT® — (—1+#7) 
(1 —b? + h’?) 


(-14¢7)ni" + 2n'n" = —6HT (h' + bth". 


Thus, we obtain 
(1427) [(1-P +n?) A" — 2n'n'”) 
=2uT |-3(hi + ¢)(1— 0? +) — 27H] 
Squaring both sides of and substituting the value of T? gives us 
(-1+47)" [e —b +h)p" — 2n'h"”| : 


= 4H? le” — (h’ +0¢')’ - 1] 


x 3(h! + bt’) (1 — 0? + h’?) — aft? — (hl + 4’)? pat] ni”. 
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(2.34) 


(2.35) 


(2.36) 


(2.37) 


(2.38) 


(2.39) 


(2.40) 


(2.41) 


(2.42) 
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The coefficient of t’° in (2.42) is 16H7(1 — b2)° Al? h!, which is non-zero and the concluding 
argument in Theorem [2.1] results in t’ being constant. Substituting t/ = c in (2.28) yields 


V1 2 
ulu;2)= 4OFO 4H (a —v)y-l+ez+q, (2.43) 


where a,c,q is a constant. Thus, the proof of the theorem is complete. 


3. MAXIMAL AFFINE TRANSLATION SURFACES 


Theorem 3.1. Let V(u,v) = (u,v, z(u,v)) be a maximal affine translation surface of type 1 


in Ef. Then, W(u,v) is either a planar surface or z(u,v) is given by 


1 cosh [ev 1+atut+ c1| 


ee) c me cosh [c(au + v) + 9] wee: 
where a, C, C1, C2,c3 are constants and c £0. 
Proof. Taking H = 0 in gives us 
=(l=9")\7" =e = 7" 9" =, (3.44) 
which writes as 
= I a= <4 =, (3.45) 
where A is a constant and (1 ee i (1 _ @”) # 0. 
Depending on X, we have the following 2 cases: 
Case I. X = 0, gives us 
f"=0, g”=90, (3.46) 
which leads to a planar surface in E?. 
Case ITI. X # 0, gives us 
f(u) = “log l2 cosh [eV 1+ au + c1| | + ¢3, (3.47) 
g(aut+v) = = log 2 cosh [c(au + v) + c9| | +4, (3.48) 
where a, C, C1, C2, ¢3, C4 are constants. Thus, we have 
0) = Sle ace ea | P eo 


where c 4 0 and p is a constant. Thus, the proof of the theorem is complete. 
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Theorem 3.2. Let U(v, z) = (u(v, z),v, z) be a maximal generalized affine translation surface 


of type 2 in E?. Then, V(v, z) is either a planar surface or u(v, z) is given by 
1 V1—b2u + 
u(v, z) = — log unl le : a] +@, B21 
Cc cosh [c(bu + 2) + c9] 
or 
il cosh |eV/b? — lu +c 
u(v, z) = — log | i te3, db? >1; 
c cosh [e(bu + z) + c2] 
where b,c, c1, C2,¢3 are constants and c 4 0. 
Proof. For H = 0, it follows from (2.28) 
(=14 07) 40=P 40° =6. (3.50) 
Thus, we have 
_ pl! t! 
= =, (3.51) 


1-02? +h? -14%” 


where \ is a constant and (1 —b? + n”) (-1 + t”) #0. X= 0 leads to a planar surface in 


E? and when \ 4 0, we have the following cases: 


Case I. If b? < 1; (3.51) yields 


u(v, z) = h(v) + t(bv + 2), 


1 1 — b?0 + 
=e cos [ev v+cj| en (3.52) 
c cosh [c(bu + z) + c9] 
where b,c, C1, ¢2,c3 are constants and c ¥ 0. 
Case II. If b? > 1; (8.51) yields 
u(v, z) = h(v) + t(bv + 2), 
1 h jevVb2 — lu + 
=p ie daa) ae (3.53) 
c cosh [c(bu + z) + c2] 


where 0, c, C1, C2,c3 are constants and c £ 0. Thus, the proof of the theorem is complete. 
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ABSTRACT. Under the aim of this paper, we establish the terms of graphs related with 
bitonic-algebras, which is a bitonic-graph where the vertices are the elements of bitonic 
algebra and where the edges are the companian of two vertices, that is two elements from 
bitonic algebra. We designate the upper sets of elements in a bitonic algebra and studied 
properties of these sets. We state algorithms to check whether the given set is a bitonic 
algebra or a commutative bitonic algebra or not. Additionally, we mention the codes of 
these algorithms. Moreover, we associate the algorithms of graphs of a bitonic algebra and 
state properties of these graphs obtained. 

Keywords: Bitonic algebras, upper sets, graphs, graphs of algebras 
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1. INTRODUCTION 


In recent mathematical articles and studies, it has been an important matter that the 
artificial intelligence is to make a computer simulate a human being in dealing with certainty 
and uncertainty in information. At this stage, logic plays an important role to act the 
foundation of this mission. Classical logic is a base for information processing dealing with 
certain information whereas nonclassical logic including many-valued logic and fuzzy logic 
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use classical logic to handle information with various facets of uncertainty, such as fuzziness 
and randomness. For this reason, for computer science to deal with fuzzy information and 
uncertain information, non classical logic has been used as a useful and a formal instrument. 

As required for this reason, BCK-algebras are considered as a generalization of the notion 
of algebra of sets with the set subtraction as the only fundamental nonnullary operation and 
on the other hand the notion of implication algebra. They are defined by Imai and Iseki in 
[19]. Later, Komori introduced the new class of algebras called BCC-algebras as he gave 
the name of this work to prove the class of all BCK-algebras does not form a variety. The 
notion of dual BCC-algebras is a generalization of many different algebras such as DBCK- 
algebras ([9} [40]), Hilbert-algebras( {13} [27|), Heyting-algebras (or Brouwerian 
lattices) ({IT] [8]), implication algebras ({I]) and lattice implication algebras (|37| [38])that 
ensure the property: (P) « < y implies z*x < z*y and y*z < az. Lastly, Yon and Ozbal 
in defined the bitonic algebras and with the help of derivations they studied properties 
of this algebra. Additionally, Ozbal studied on filters of bitonic algebras to investigate the 
relations between filters and upper sets in [5]. 

With the help of graphs to deeply study algebraic systems, graphs have been considered 
a significant method and topic in many mathematical papers and studies in recent times. 
For instance, in 1998 Beck [7] studied rings and algebras in this manner. In this study, by 
presenting the zero-divisor graph of a commutative ring a correlation between graph theory 
and commutative ring theory is constructed. Then, many mathematicians extend this graphs 
in classical structures more definitely, in commutative ring [3], commutative semirings 
and semigroups , near-rings [36], Cayley Vague Graphs [28]. These studies consider graphs 
in classical and non-classical algebras. The total graph of a commutative ring is studied in [6] 
and investigated the total graph of a commutative semiring with non-zero identity. Also, the 
annihilator graph of a commutative ring is considered in [2] and the area of zero-divisor graphs 
of commutative rings is focused in [12]. BreSar et al.{10] defined the cover incomparability 
graphs of posets and the directed graphs of lattices is examined in [32]. Nowadays, many 
mathematicians have focused on graph of logical algebras because of the reason that these 
algebras are related to information systems and many other different branches of computer 
sciences. For example, Jun and Lee studied zero-divisor graph in BCK/BCI-algebras 
whereas Hu and Li obtained some properties on graphs of BCH-algebras. Additionally, 
Giirsoy et al. introduced an alternative construction of graphs on MV-algebras in and 


they obtained a suitable representation of MV-algebras by using graphs. Similarly, Kircal 
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Giirsoy focused on the notion of graphs on Wajsberg algebras and stated that commutative 
W-graphs are also symmetric graphs in [22]. And, many other graph operations are studied 
in [21], such as coloring of a commutative ring in [4], and these will be applied on graphs of 
bitonic algebras in the future work. 

Motivated by these works, in this paper we study the associated graphs of bitonic algebras 
that are the generalizations of dual BCC-algebras in a different manner than those mentioned 


above. 


2. PRELIMINARIES 


During this section, firstly, we give some fundamental definitions, lemmas, theorems about 
bitonic algebras that will be used as a tool. Secondly, we remind some graph theory concepts 


used in this study. 


2.1. Bitonic Algebras. A dual BCC-algebra is an algebraic system (X, *, 1) satisfying the 


following axioms for all x,y,z © X : 


(a *y) * ((y*z)*(@*z)) =1, 


Definition 2.1. A bitonic algebra is an algebraic system (A, *,1) satisfying the following 


axioms for every a,b,c € A: 


(Bl) ax1=1, 

(B2) lee = a; 

(B3) axb=1 andb*xa=1 implies a = b, 

(B4) ax b= 1 implies (c * a) * (cx b) =1 and (bc) *(ax*c) =1. 


where A is a set, 1 an element in A and * a binary operation on A. 


Lemma 2.1. [89] In a bitonic algebra (A,*,1) for all a,b,c € A the followings hold: 
(1) axa=1, 
(2) a#b=be#e=—1 implies aec= 1, 


(3) ae (bea) =, 
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Corollary 2.1. If a binary relation “<” on A where (A,*,1) be a bitonic algebra is 
defined by 


axb = axb=1 


for any a,b € A, then it is clear that by (B3) and Lemma|2. 1] < is a partial order on A. 


Lemma 2.2. Let (A,*,1) be a bitonic algebra. Then for alla,b,cE A: 


(1) a<b referscxa<cxb andb*c<axc, 


(2) a< bea. 


Example 2.1. Let *« be a binary operation on N = {1,2,y,z,w} with the table given 


below: 


TABLE 1. Cayley Table for N 


*|loa2y2z w 


Ll/l e«ye2zw 
xi1l 1ly2zw 
yjl e«@ilezew 
g|l. 1 2 4A @ 
wil 1li12z ii 


(N,*,1) is a bitonic algebra and the Hasse diagram can be given as 
1 


z W 


FIGURE 1. Hasse diagram of the bitonic algebra N in Example 2.1 


Definition 2.2. Let (A,*,1) be a bitonic algebra. The binary operation “)” on A is defined 
by aQb = (ax b) *b for every a, bE A. 


Lemma 2.3. [39] For the binary operation © on (A,*,1) as a bitonic algebra 
(1) b< ab, 
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(2) a <b implies aOb =b, 
(3) lOa=1 andadl=1 


hold for every a,b € A. 


Definition 2.3. S #90 as a subset of a bitonic algebra A is called a bitonic subalgebra 
of A if "xxy eS” for allz,y € S, and F £0 as a subset of A is called a filter of A if 


(F1) le F, 
(F2) c€ F withhaxye€F refers y € F for any z,ye€ F. 


Definition 2.4. A bitonic algebra (A,*,1) is said to be commutative if 


(a*b) *b = (b*a) xa for every a,b € A. 


Example 2.2. Let * be a binary operation on C = {1,a,b} with the table given below then 


TABLE 2. Cayley Table for C 


x*|loa 6b 
ala a b 
a/1l 1 b 
b}1 al 


(C,*,1) is a commutative bitonic algebra. 


2.2. Some Basic Concepts on Graph Theory. Here, we consider some basic definitions 


and concepts in graph theory. 


Definition 2.5. A graph is a pair G = (V,E) of sets satisfying E C V x V; thus, 
the elements of E are ordered pairs of V . To avoid notational ambiguities, we shall always 
assume tacitly that VOE =. The elements of V are the vertices (or nodes, or points) of the 
graph G, the elements of E are its edge edges (or lines). The usual way to picture a graph is 
by drawing a dot for each vertex and joining two of these dots by a line if the corresponding 


two vertices form an edge. 
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Example 2.3. Let V = {1,2,3,4,5} be a vertex set and E = {(1, 2), (2, 3), (3, 5), (3, 4), (4, 5)} 
be a edge set of G=(V,F). We can illustrate this graph as Figure 2. 


3 5 


FIGURE 2. The graph of G = (V, FE) for Bxample[2.3 


Definition 2.6. A path is a non-empty graph P = (V, EF) of the form 
V = (gy Sigene, Beh) BH{ (Coy )s i a) po, pi ee) 


where the x; are all distinct. The vertices x9 and xz are linked by P and are called its ends; 
the vertices x1,%2,...,L,~-1 are inner vertices of P. The number of edges of a path is its 


length, and the path of length k ise denoted by P*. 


Definition 2.7. The distance dg(x,y) in G of two vertices x,y is the length of a shortest 
x—y path in G; if no such path exist, we set d(x,y) = co. The greatest distance between any 
two vertices in G is the diameter of G, diameter denoted by diam(G). The diameter of G is 


said to be zero if there is only one vertex in G. 


Definition 2.8. [26)[34] A connected graph with more than one vertex has a diameter of one 


if and only if each pair of distinct vertices forms an edge and it is called a complete graph. 


3. SOME NEW ALGORITHMS ON BITONIC ALGEBRA 


In this section, we will introduce the algorithms that test whether the definitions given 
in the previous section are ensured by any sets. These algorithms are coded in VB-Script 
Language in Ms EXCEL Program to make our studies on these algebras easier than usual. 


After explaining these mentioned algorithms we will share the codes belongs to this language. 


INT. J. MAPS MATH. (2024) 7(2):335-355 / BITONIC ALGEBRAS AND THEIR GRAPHS 


Algorithm 1: Determining Bitonic Algebra 


1 


bo 


Data: Set A, * operation, operator table 
Result: (A, *, 1) is a bitonic algebra or not 
initialization; 

if AA) OR 1¢ Athen 


Return false 


foreach xz in A do 
if x * 171 then 


Return false 


if 1 *x#u2 then 


Return false 


foreach xz, y in A do 

if *y=1AND y * x= 1 then 
if x A y then 
| Return false 


foreach xz, y in A do 
if « *y= 1 then 
foreach z in A do 
if (z *a) * (z*y)A10OR (y * 2) * @ * 2) # 1 then 
| Return false 
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In Algorithm |1} it is checked whether the given structure is a bitonic algebra or not by 


using Definition 2.1 of bitonic algebras. The inputs of this algorithm are the set A and the 


Cayley Table of the operator *. Firstly, the algorithm examines whether the given set A is 


an empty set, and 1 belongs to A. If the given set A is empty or does not contain 1, then 


the algorithm returns FALSE. Then, it examines for every x in A, whether the conditions 


B1 and B2 of Definition [2.1] are satisfied. If any of these conditions are not satisfied then 
the algorithm returns FALSE. 


bo 
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The following step of the algorithm is to check the condition B3 of Definition 2.1] Accord- 
ing to this step, whenever x * y = 1 or y* x = 1 is satisfied for any x,y in A, it is checked 
whether these x and y are different elements. If these elements are different than each other 
then the algorithm returns FALSE. The last step of the algorithm checks whether the last 
part B4 of Definition 2.1 is satisfied or not. According to this step, it is examined whether 
xx*y = 1 is satisfied or not for any elements x,y in A. If this is satisfied for any x, y in A, then 
for any element in A (say z in A) the algorithm works out for the solution of (z * x) * (z * y) 


and (y * z) * (a * z). If one these results is different than 1, then the algorithm FALSE. 


>The Cayley Table is being imported into a two-dimensional array 
lope al SS 2 ite) Gil ap al 
Pere 3] SB ibey im ar al 
mil (i = i, a = id) = CollsGi, 7) 


Next j 


5 Next i 


>The conditions Bi and B2 are being checked 

control = 0 

ietore al 3 al key jal 
If mi(i, i) <> Cells(1, i + 1) Then control = 1 
If mici, 1) <> 1 Then control = 1 


Next i 


If control <> 0 Then 
MsgBox Bd OR. B2 vare not obtained” 
GoTo bit 


End If 


The condition) B3" as) being checked 
FOE eis = elo em 
eye 3] Sal Ate) inn 
Tee emi Gs) Se hen! 
oa Gy PO a a 
If i <> j Then 


MsgBox "B3 is not obtained" 


control = 1 
GoTo bit 
End If 
Ende lit 
End If 
Next j 
Next i 


>The condition B4 is being checked 


5 For 


1 S 


1 To m 


ere a) = al Ahrey Gin 


If mi(i, j) = 1 Then 
For k = 1 Tom 


If (mi(mi(k, i), mi(k 


1) <> True Then 


Wd) = al fvorcl smal Gmil Ca], Ue), wnal(sl, i) 
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MsgBox "B4 is not appropriate ("& k & "*" & i & ")*(" & 


k & "*" & j & ") or one of these (" & j & 
UM) sigs) Geyer al! 
control = 1 
GoTo bit 
Endeis 
Next k 
End If 
Next j 
Next i 
If control = 0 Then 
Cells(12, 1) = "Bitonic Algebra" 
Else 
CelsisiGl2 a1) mee NiCit mamBast ontic map ebinal 
GoTo bit 
End If 
bit: 


wy 


& k & 


LISTING 1. Codes for Algorithma [i 


CO Sy Ea (Cw 


& ik 


Wy 


kk & 


We consider a code for this table that will be easily runned in EXCEL to list its entries. 
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Algorithm 2: Generating 0-Operation Table on a Bitonic Algebra 
Data: (A, 1, *) Bitonic Algebra, * Operation Table 
Result: -Table[, | 
1 O-Table[ , |=null 
2 foreach z, yin A do 


3 | }-Table[x,y]=(x*y)*y 


The Cayley table of the © operator is obtained with the help of the Algorithm [2] This 
time, the input of this algorithm is a bitonic algebra. In the beginning, an empty Cayley 
table of the 4 operator is formed. Then, the solution of (a * y) * y is examined for every 
element x,y in A. 

One of the main purpose of this algorithm is that this algorithm is coded in VBScript 


language and these codes are given in Listing [2| 


1 For i=i Tom 
2 ore a) Sal ihe) in 

miv(i, j) = mi(mi(i, j), 3) 
4 Next j 


5 Next i 


LISTING 2. Codes for Algorithm | 


Algorithm 3: Determining Commutativity of a Bitonic Algebra 
Data: ¢-Table[ ,] of (A, 1, *) Bitonic Algebra 


Result: (A, *, 1) is a Commutative Bitonic Algebra or not 
1 initialization; 
2 foreach z, yin A do 
3 ifz#OyAy% 2 then 
4 | Return false 


In this Algorithm |3} it is checked whether the given bitonic algebra is commutative or 
not. The inputs of this algorithm are a bitonic algebra and the cayley table of 0 operation 
defined in this bitonic algebra. If this table is symmetric then the given bitonic algebra is 


commutative. For this reason, it is examined whether xQy and yO are the same or not 


b 


bo 
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for any x,y in the given bitonic algebra. If a non-identical condition is detected, then the 


algorithm outputs FALSE. 


This algorithm is coded in VBScript language and these codes are given in Listing [3] 


controlv = 0 
eye al al We) i = al 
ipeee a) Sak ae al Mey au 
If (miv(i, j) <> miv(j, i)) Then controlv = 1 


Next j 


5 Next i 


If controlv = O Then 


Cells(12, 13) = "Commutative Bitonic Algebra" 
Else 
Cells(12, 13) = "Not a Commutative Bitonic Algebra" 
GoTo bit 
End If 


lake § 


LISTING 3. Codes for Algoxithm 


4. GRAPHS ON BITONIC ALGEBRAS 


To consider graphs of bitonic algebras, firstly we focus on upper sets of these algebras. In 


this section, initially we give the definition of graph of bitonic algebras and introduce the 


algorithm lists the entries of adjacency matrix on a bitonic algebra. Moreover, we consider 


the codes of this algorithm to list the entries of the adjaceny matrix on a bitonic algebra. 


Definition 4.1. (A, *,1) as a commutative bitonic algebra corresponds to an undirected graph 


G(A), where V(G(A)) consists of the elements of A and two distinct elements a,b € A are 


called adjacent if and only if aQb=1. G is said to be a A— graph under these conditions. 


1 
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Algorithm 4: Generating Adjacency Matrix on a Bitonic Algebra 
Data: ©-Table| , | of (A, 1, *) Bitonic Algebra 
Result: Adj(G(A))| , | Adjacency Matrix 

1 initialization; 

2 foreach z, yin A do 

3 if 70 y= 1 then 

2} | Ad(G(A))fe,y] =1 


In this Algorithm the adjacency matrix for any bitonic algebra given according to 
the Definition is created. The inputs of this algorithm are a bitonic algebra and the 
Cayley table of © operation defined in this algebra. In the beginning, the solution of rQy 
for any elements x,y in the given bitonic algebra is studied. If this solution is 1, then the 
corresponding element in a two-dimensional array in the adjacency matrix is assigned as 1, 
otherwise it is assigned as 0. 

Coding in this algorithm VBScript language in MS EXCEL programe is one the most 


important part of this paper and these codes are given is Listing [4] 


ope ah al ame) in 
eye 3] Sal Ate) san 
aie alah 5) al inlet 


mivadj(i, j) = 1 


Else 
mivadj(i, j) = 0 
Emits 
Next j 


Next i 


LISTING 4. Codes for Algovithna[ 
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Example 4.1. Let (A,*,1) be the bitonic algebra mentione in Example Using the 
Definition |4. 1 the adjacency matrix of the graph of A is 

1a b 

111 


Adj(G(A))= as 


ae ae ae 


ran 
a b 
FIGURE 3. The graph of the bitonic algebra A given in Example ba} with 


the Hasse Diagram 


Example 4.2. Let (A, *,1) be the bitonic algebra given in Example[2. i} Using the Definition 
the adjacency matrix of the graph of A is: 


lauyezw 


1/1 1 121éi21 


iO 14.4 
Adj(G(A))= 


x 
j=) 
=) j=) jo) 
j=) 
j=) 


z W 


FicurRE 4. The graph of the bitonic algebra A given in Bxample2.1 


Lemma 4.1. Vertex 1 in a A-graph is adjacent to all vertices in G(A). 


Proof. By definition of a bitonic algebra aO1 = (a*1)*1=1*1=1 foreveracA. So, 


vertex 1 and vertex a are connected with an edge in every A-graph. 
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Lemma 4.2. A-graph G(A) is connected by having diam(G(A)) < 2. 


Proof. Let a,b € A be any two distinct vertices on G(A). Assume that aQb = 1. Therefore, 
we get d(a, b) = 1, so have diam(G(A)) < 2. Now, assume that ab £ 1. For a bitonic algebra 
we have a1 = (a* 1) *1=1%*1=1 and bO1 = (b«1) «1. That is to say that a is adjacent 


to 1 and 0 is adjacent to 1. Hence, we get d(a,b) < 2 meaning that diam(G(A)) < 2. 


Definition 4.2. (A,*,1) as a bitonic algebra is said to be self — distributive if ax (b*c) = 
(a «x b) x (ax*c) for alla,b,ce€ A. 


Example 4.3. The bitonic algebra (A,*,1) given in Example 1 is not a self-distributive 


algebra. But, if x on A= {1,x} is defined as a binary relation whose table is 


k|1l 2 
Poy <x 
xil iil 


It is easy to see that (A,x*,1) a self-distributive bitonic algebra. 


We will consider the upper set of a as an element in a bitonic algebra A by 
U(1,a) = {x € All * (ax x) =1} 


for each a € A. 


For the rest of the paper (A, *, 1) = A is given as a self-distributive bitonic algebra. 


Proposition 4.1. For any a € A, the upper set U(1,a) is a filter of A. 


Proof. Let a € A. Then by (B1), (B2) we have for alla € Aax1=1 and 1*(a*1)=1. 
Therefore, 1 € U(1,a). Now, let y € U(1,a) and yx x € U(1,a) for any x,y € A. Then we 


have ax y= 1 and ax (y* x) =1. Since A is a self-distributive bitonic algebra we have 


ax(y*2) = (a*y)* (a*e) =1* (axe) =(a¥e)=1. 


Therefore, x € U(1,a). Hence we get U(1,a) is a filter of A. 


Proposition 4.2. Let B,C C A, then 
(1) If BCC then U(1,C) C U(1, B), 
(2) U1, BUC) =U(1,B)nU(,C), 
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(3) U(1, B)UU(1,C) CU, BNC). 


Proof. Let B,C C A. 


(1) Let B C C and suppose that x € U(1,C). So we have 1* (cx x2) =1landc*x=1 
for allc € C. But we know that B C C so every element of B is in C' therefore, 
b*xa =1x(b* x) =1 for allb€ BCC. Therefore, x € U(1, B) that is to say that 
CGC) CUI BY, 

(2) We know that B C BUC and C C BUC, and by part 1 we have U(1, BUC) C U(1, B) 
and U(1,C). Then U(1,BUC) CU(1, B)NU(1,C). 

Now, conversely, let x € U(1,B) NU(1,C). Then we have 1 * (b* x) = 1 that is 
b* x = 1 for all b € B and similarly 1 « (c* x) = 1 that is (cx x) = 1 for all cE C. 
Therefore, for any a € BUC we have a € B or a € C, and hence 1 * (ax x) = 1 
that is (a* z) = 1 for alla € BUC. And so we get x € U(1, BUC) gives us 
U(1,B)NU(1,C) CU, BUC). Therefore, U(1, BUC) =U(1, B)NU(1,C). 

(3) We have BNC C Band BNC CC and also by part 1 of this proposition we have 
U(1,B) C U0,BNC) and U(1,C) C U(1,BNC). Therefore, we get U(1,B) U 
U(1,C) CU(1, BNC). 


Proposition 4.3. [f B 40) is a subset of A then, U(1,B) =(\egU(I, 8). 


Proof. Let B be a non-empty subset of a self-distributive bitonic algebra A. We have B = 
Unept{b}, and by Proposition 4.2 (2) we have 


U(1, B) =U(1, ) {o}) = () UG). 


beB beB 


Proposition 4.4. Ifa <b for any a,b € A then U(1,a) C U(1,b). 


Proof. Let x € U(1,a). Then we get 1*(a*xz) =1 that is axa = 1. And, by our assumption 


we have a < b and by Lemma 2.2 (1) (b* x) < (a* a). Hence we get (b* x) = 1 since 


(a* x) =1. Therefore, x € U(1,)). 


Definition 4.3. Let A be bitonic algebra (A,*,1) that is self — distributive. Define a 
relation ~ on Aasa~b & U(1,a) =U (1,0). 
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Lemma 4.3. The relation forms an equivalence relation on a bitonic algebra (A,*,1) that 


is self — distributive. 


Lemma 4.4. For every a,b,c € (A, *, 1) 


ax*(b*c) =bx(axc). 


Proof. Let a,b,c € A. Then 


a*(b*c) = (a*b)* (a*c), 


and since b < ax b, (a* b) * (a*c) < bx (a*c). This implies a * (b* c) < b* (a*c). 
Interchanging the role of a and 6, we can show b * (a*c) < a* (bc). Hence a* (b*c) = 


bx (a*c). 


On the definition of upper set, since 1 * a = a for every a € A, we should define the upper 


set by 


U(a)={xEAlaxx=l}. 


Definition 4.4. Let U(x) and U(y) be the upper sets of the bitonic algebra (A,*,1) for all 


x,y € A. Then we can define” }” among the upper sets U(x) and U(y) as follow 


U(x)OU(y) = {z € AlaOb=z for all ac U(x) and for all bE U(y)}. 


Then we can define the graph Gy(A), where V(Gy(A)) consists of the elements of U(A), 
and two distinct elements U(a),U(b) € U(A) are called adjacent if and only if U(a)QU(b) = 


{1}. 


Example 4.4. Let A be the bitonic algebra given in Example|2. 1 Then we can consider the 
upper sets for every elements of A as given below. 
U(1) = {1}, U(z) = {1,2}, U(y) = {Ly}, Ul) = {1,2,y, 2}, Uw) = {1,2,y, vw}. 


Then, we can give the table of © among these upper sets as follow. 
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& |U(1) U(x) Uy) U(z) U(w) 
Ud) ) 4ik {1 40h {1} {1} 
ey ie lea - ay {igat 4 1a} 


) 

(x) 
U(y)| t4 {1} {Ly} {Ly} {1, y} 
(z)| {1} {1c} {ly} {la,y,z} {l,2,y,w} 
U(w)}| (4 {lc} (Lyt {Lay} {Lay} 


Then the graph Gy (A), where V(Gy(A)) consists of the elements of U(A) and two distinct 
elements U(x),U(y) € U(A) are called adjacent if and only if U(x)QU(y) = {1} that we can 
read from this table. Therefore, the adjacency matrix of the graph of Gy(A) can be given as 


follows: 


U(1) U(x) Uly) Uz) U(w) 

u(1)| 1 1 1 1 1 

U(x) | 1 0 1 0 0 
Adj(Gu(A))= 

U(y) | 1 1 0 0 0 

U(z)| 1 0 0 0 0 

U(w)| 1 0 0 0 0 


FIGuRE 5. The graph of the bitonic algebra A given in Example ba) with 


the Hasse Diagram 


352 S. AYAR OZBAL, R. POLAT, S. ESKIIZMIRLILER, AND M. KURT 
Algorithm 5: Generating U(1, x) Upper Sets on a Bitonic Algebra 
Data: (A, 1, *) Bitonic Algebra, * Operation Table 
Result: (U(1, 2) Upper Sets for all a € A 
1 initialization; 


2 foreach z in A do 


3 U(1, x)=null 

4 foreach y in A do 

5 if 1*(a2*y)=1 then 
6 | add element y to U(1, 2) 


In Algorithm |5} the upper sets are examined according to the Definition given for a 
bitonic algebra. The input of this algorithm is a bitonic algebra. Here, according to the given 
definition, the upper sets of every elements (except 1) are examined separately. Let x be the 
element whose upper set is examined. In the algorithm, firstly an empty U(1,) element is 
created. Then, for every element y in the bitonic algebra given, the operation 1 * (x * y) is 
calculated. If this is equivalent to 1, then y is assigned to the upper set U(1, 2). 

This algorithm is also coded in MS EXCEL programe in VBScript language and these 
codes are given in Listing [5} 


For a = 2 To m 


"the sets! ane written ina celid) an EXCEL 


CGililse€, sO) Ss wal,” & A & T) Ss Y 
counter = 0 
icone be Es ak bye) iui 


If mici, mi€a, x)) = 1 Then 
If sayac <> 0 Then 
Cells(a, 38) = Cells(a, 38) & ","& x 
Endeelt 
If the counter = 0 Then 
Cells(a, 38) = Cells(a, 38) & x 
counter = counter + 1 


Enid eet 
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End If 


Next x 


7 Next a 


LISTING 5. Codes for Algoxithm 


5. CONCLUSION AND FUTURE WORKS 


In this work, firstly we evoke basic knowledge about bitonic algebras and graphs. Then, 
algorithms are enhanced to check whether any given set is a bitonic algebra or not. These 
algorithms check the properties or definitions given in preliminaries for a bitonic algebra 
and additionally these algorithms are coded in VB-Script Language. In the third section, 
with the help of the operators defined for bitonic algebras, the graphs based on bitonic 
algebras are defined and some examples are stated. In recent years, the studies consider 
the relations between algebraic structures and graphs gain very importance. A new point of 
view is gained on daily life problems by graph modeling of theoretical findings in algebraic 
structures. Additionally, the Sheffer Stroke Operation that reducts axiom systems of many 
algebraic structures [80],[31], [29] and fuzzy concepts are used to study different notions of 
algebraical systems [33]. Because of this reason, our work to search for the relationship 
between bitonic algebra and different graph types continues based on this study. We will 
consider fuzzy graphs of bitonic algebras and also extend our work to the graphs of Sheffer 


stroke bitonic algebras. 
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